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ÄÂÍÇ «Óêðà¿íñüêèé äåðæàâíèé õ³ì³êî-òåõíîëîã³÷íèé óí³âåðñèòåò», ì. Äí³ïðî, Óêðà¿íà

Âèãîòîâëåííþ ïîë³ìåðíèõ òðóá ïðèñâÿ÷åíî áàãàòî íàóêîâèõ ïðàöü. Ïðè öüîìó

òàêîìó ïðîöåñó, ÿê îõîëîäæåííÿ ê³íöåâîãî ïðîäóêòó ï³ñëÿ åêñòðóç³¿, ïðèä³ëåíî

íåáàãàòî óâàãè. Îõîëîäæåííÿ ïîë³ìåðíèõ òðóáíèõ çàãîòîâîê, ÿê ³ á³ëüø³ñòü ïðî-

öåñ³â ïåðåðîáêè ïëàñòìàñ, â³äíîñèòüñÿ äî íå³çîòåðì³÷íèõ ïðîöåñ³â, òîáòî íåîáõ³ä-

íî ðîçâ’ÿçóâàòè òåïëîâó çàäà÷ó. Â³ä òî÷íîãî ðîçðàõóíêó òåïëîâîãî áàëàíñó äóæå

çàëåæèòü ê³íöåâèé ðåçóëüòàò åêñòðóç³éíîãî ïðîöåñó. Ó äàí³é ðîáîò³ ðîçðîáëåíî

ìàòåìàòè÷íó ìîäåëü ïðîöåñ³â îõîëîäæåííÿ òðóáíèõ çàãîòîâîê ³ç ïîë³ìåð³â, ÿê³ îäåð-

æàíî ìåòîäîì åêñòðóç³¿. Ñòâîðåíî äåê³ëüêà ìàòåìàòè÷íèõ ìîäåëåé òåïëîâèõ ïðî-

öåñ³â äëÿ òåïëîåíåðãåòè÷íîãî îáëàäíàííÿ. Ïðè öüîìó çàïðîïîíîâàíî ð³çí³ ðîçðà-

õóíêîâ³ ñõåìè, ìåòîäè òà ð³âíÿííÿ äëÿ ¿õ ðîçâ’ÿçêó. Ìàòåìàòè÷íó ìîäåëü äëÿ â³äîá-

ðàæåííÿ ïðîöåñ³â îõîëîäæåííÿ ïîë³ìåðíèõ òðóáíèõ çàãîòîâîê ï³ñëÿ ¿õ åêñòðóç³¿

ìîæíà ââàæàòè ðîçøèðåííÿì öèõ äîñë³äæåíü. Ó õîä³ ïîáóäîâè ìàòåìàòè÷íî¿ ìî-

äåë³ âèêîðèñòàíî öèë³íäðè÷íó ñèñòåìó êîîðäèíàò ó ïðèïóùåíí³ ñèìåòðè÷íîñò³

âçäîâæ êóòîâî¿ êîîðäèíàòè. Ïðè öüîìó â ïî÷àòêîâ³é ïîñòàíîâö³ ðîçãëÿäàâñÿ íåñòà-

ö³îíàðíèé ïðîöåñ. Íàäàë³, âèêîðèñòîâóþ÷è çàì³íó íåçàëåæíî¿ çì³ííî¿ çà ÷àñîì

÷åðåç íåçàëåæíó çì³ííó çà îñüîâîþ êîîðäèíàòîþ òà îñüîâîþ øâèäê³ñòþ ðóõó, âè-

êîíàíî ïåðåõ³ä äî äèôåðåíö³éíîãî ð³âíÿííÿ â ÷àñòèííèõ ïîõ³äíèõ óçäîâæ äâîõ

ë³í³éíèõ êîîðäèíàò. Ðîçâ’ÿçîê äàíîãî ð³âíÿííÿ çíàéäåíî çà äîïîìîãîþ îïåðàö³é-

íîãî ìåòîäó (ìåòîäîì ³íòåãðàëüíîãî ïåðåòâîðåííÿ Ëàïëàñà). Îñòàòî÷íèé ðîçâ’ÿçîê

ïîñòàâëåíî¿ çàäà÷³ (ï³ñëÿ ïðÿìîãî é çâîðîòíîãî ïåðåòâîðåííÿ Ëàïëàñà) îòðèìàíî

÷åðåç ôóíêö³¿ Áåññåëÿ íà áàç³ ïàêåòó MathCAD ç âèêîðèñòàííÿì íèçêè âáóäîâàíèõ

ó äàíèé ïàêåò ôóíêö³é òà îá÷èñëþâàëüíèõ áëîê³â. Òàêèì ÷èíîì, ó äàí³é ðîáîò³

ðîçðîáëåíî ìàòåìàòè÷íó ìîäåëü äëÿ ìîäåëþâàííÿ òà îïòèì³çàö³¿ ïðîöåñ³â îõîëîä-

æåííÿ òðóáíèõ çàãîòîâîê ³ç ïîë³ìåðíèõ ìàòåð³àë³â. Íà áàç³ ðîçðîáëåíî¿ ìàòåìàòè-

÷íî¿ ìîäåë³ ïîáóäîâàíî ïðîãðàìíèé áëîê MathCAD äëÿ ðåàë³çàö³¿ äàíî¿ ìîäåë³.

Íàäàíî ðåçóëüòàòè ðîçðàõóíê³â ó âèãëÿä³ ãðàô³ê³â, ÿê³ äîçâîëÿþòü õàðàêòåðèçóâàòè

àäåêâàòí³ñòü ïðåäñòàâëåíèõ ìàòåð³àë³â.
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ãðàìíèé áëîê.
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Ïîñòàíîâêà ïðîáëåìè
Ó õ³ì³÷í³é ïðîìèñëîâîñò³ ïðè ìîäåëþâàíí³

ïðîöåñ³â ³ îïòèì³çàö³¿ ïàðàìåòð³â îá’ºêò³â äîâî-
äèòüñÿ ñòèêàòèñÿ ç íå³çîòåðì³÷íèìè ïðîöåñàìè,
òîáòî íåîáõ³äíî ðîçâ’ÿçóâàòè òåïëîâó çàäà÷ó, äëÿ
÷îãî â çàãàëüíîìó âèïàäêó ñë³ä ñêîðèñòàòèñÿ
ð³âíÿííÿì òåïëîâîãî áàëàíñó. Ó âåêòîðíîìó âè-
ãëÿä³, òîáòî íåçàëåæíî â³ä ñèñòåìè êîîðäèíàò,
â ÿê³é ðîçãëÿäàºòüñÿ êîíêðåòíèé ïðîöåñ, ð³âíÿí-
íÿ òåïëîâîãî áàëàíñó ìîæíà ïîäàòè òàêèì

÷èíîì [1–5]:

p

DT
С q ; V ,

Dt

                
   

  (1)

äå Ñð – êîåô³ö³ºíò òåïëîºìíîñò³ ìàòåð³àëó ïðè

ïîñò³éíîìó òèñêó; q


 – âåêòîð òåïëîâîãî ïîòî-

êó; Ò – òåìïåðàòóðà; V


  – ãðàä³ºíò âåêòîðà V


;
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DT/Dt – ñóáñòàíö³îíàëüíà ïîõ³äíà â³ä òåìïåðà-
òóðè; q

   
 

 – ñêàëÿðíèé äîáóòîê âåêòîðà  íà

âåêòîð q


.

Äðóãèé äîäàíîê ó ïðàâ³é ÷àñòèí³ ð³âíÿí-
íÿ (1) ÿâëÿº ñîáîþ òåíçîðíèé çàïèñ, ùî ç ô³çè÷-
íî¿ òî÷êè çîðó ÿâëÿº ñîáîþ øâèäê³ñòü íåîáåð-
íåíîãî ðóõó âíóòð³øíüî¿ åíåðã³¿ îäèíèö³ åëåìåí-
òàðíîãî îá’ºìó çà ðàõóíîê â’ÿçêî¿ äèñèïàö³¿. Öåé
äîäàíîê ³íîä³ íàçèâàþòü ôóíêö³ºþ äèñèïàö³¿.
ßêùî çíà÷íèõ äåôîðìàö³é â åëåìåíòàõ, ùî ðîç-
ãëÿäàþòüñÿ, íåìàº, òî ö³ºþ âåëè÷èíîþ ìîæíà
íåõòóâàòè.

Äëÿ öèë³íäðè÷íî¿ ñèñòåìè êîîðäèíàò
ð³âíÿííÿ (1), ó ðàç³ íåõòóâàííÿ ôóíêö³ºþ äèñè-
ïàö³¿, ïðèéìàº âèãëÿä:

р r z

r z r

VT T T T
С V V

t r r z
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r r z r





    
          

  
        

  (2)

Äëÿ ïðîåêö³¿ âåêòîðà òåïëîâîãî ïîòîêó qi ó
á³ëüøîñò³ âèïàäê³â º ñïðàâåäëèâèì çàêîí Ôóð’º,
ÿêèé ìîæíà íàäàòè ó âèãëÿä³:

i
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T
q ,

x


 


  (3)

äå  – êîåô³ö³ºíò òåïëîïðîâ³äíîñò³ ïåðåðîáëþ-
âàíîãî ìàòåð³àëó.

Ïðè ìîäåëþâàíí³ òåïëîâèõ çàäà÷ äëÿ
á³ëüøîñò³ ðåàëüíèõ òåõí³÷íèõ çàäà÷ ìàº ì³ñöå
ñèìåòðè÷í³ñòü â³äíîñíî êóòîâî¿ êîîðäèíàòè, ùî
äàº ìîæëèâ³ñòü íåõòóâàòè ïîõ³äíèìè âçäîâæ
êóòîâî¿ êîîðäèíàòè.

Äëÿ ðîçâ’ÿçàííÿ ð³âíÿííÿ (2) ç óðàõóâàí-
íÿì ñï³ââ³äíîøåííÿ (3) íåîáõ³äíî ìàòè äâ³ ìå-
æîâ³ óìîâè ùîäî îñ³ r é îäíó ïî÷àòêîâó óìîâó
äëÿ ÷àñó t.

²ñíóþòü òðè îñíîâíèõ òèïè ìåæîâèõ òåì-
ïåðàòóðíèõ óìîâ:

– ìåæîâà óìîâà ïåðøîãî ðîäó: öå êîëè íà
ïîâåðõí³ åëåìåíòà, ùî ðîçãëÿäàºòüñÿ, çàäàºòüñÿ
òåìïåðàòóðà Tw:

T=Tw ïðè y=d (àáî y=0),            (4)

äå  – õàðàêòåðèñòè÷íèé ãåîìåòðè÷íèé ðîçì³ð
(äëÿ öèë³íäðè÷íî¿ ñèñòåìè êîîðäèíàò â³í ó
á³ëüøîñò³ âèïàäê³â çàïèñóºòüñÿ ÷åðåç îäèí ³ç
ðàä³óñ³â);

– ìåæîâà óìîâà äðóãîãî ðîäó: öå êîëè íà
ïîâåðõí³ åëåìåíòà, ùî ðîçãëÿäàºòüñÿ, çàäàºòüñÿ
òåïëîâèé ïîò³ê q:

w

T
q
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 ïðè y= (àáî y=0);                  (5)

– ìåæîâà óìîâà òðåòüîãî ðîäó: öå êîëè
ïîâåðõíÿ åëåìåíòó ìàº êîíâåêòèâíèé òåïëî-
îáì³í ³ç çîâí³øí³ì ñåðåäîâèùåì:

 T c

T
T T

y


   


 ïðè y= (àáî y=0),   (6)

äå Tc – òåìïåðàòóðà çîâí³øíüîãî ñåðåäîâèùà;
T – êîåô³ö³ºíò òåïëîâ³ääà÷³, [Âò/(ì2Ê)].

Çíàêè ïëþñ ³ ì³íóñ â³äïîâ³äàþòü íàïðÿìêó
îñ³ êîîðäèíàò ³ âåêòîðà òåïëîâîãî ïîòîêó. ßêùî
íàïðÿìêè ñï³âïàäàþòü, òî áóäå ïëþñ, â ³íøîìó
âèïàäêó áóäå ì³íóñ.

Îêð³ì ìåæîâèõ óìîâ (4)–(6) òðåáà òàêîæ
âðàõîâóâàòè ïî÷àòêîâ³ óìîâè çà ÷àñîì. ßêùî
ïðèïóñòèòè, ùî ó ïî÷àòêîâèé ìîìåíò ÷àñó ò³ëî
ìàëî ïîñò³éíó òåìïåðàòóðó Tp, òî ïî÷àòêîâó óìî-
âó ìîæíà çàïèñàòè òàê:

T(y,t)=Tp  ïðè t=0.                    (7)

²ñíóº ùå é ìåæîâà óìîâà ÷åòâåðòîãî ðîäó,
ùî â³äïîâ³äàº òåïëîîáì³íó ïîâåðõí³ ò³ëà ç íà-
âêîëèøí³ì ñåðåäîâèùåì (êîíâåêòèâíèé òåïëî-
îáì³í ò³ëà ç ð³äèíîþ) àáî òåïëîîáì³íó ñòèêîâèõ
òâåðäèõ ò³ë, êîëè òåìïåðàòóðà ñòèêîâèõ ïîâåð-
õîíü îäíàêîâà. Ïðè îáò³êàíí³ òâåðäîãî ò³ëà ïî-
òîêîì ð³äèíè ïåðåäà÷à òåïëà â³ä ð³äèíè äî ïî-
âåðõí³ ò³ëà â áåçïîñåðåäí³é áëèçüêîñò³ äî ïî-
âåðõí³ ò³ëà (ëàì³íàðíèé ïðèêîðäîííèé øàð àáî
ëàì³íàðíèé ï³äøàð) â³äáóâàºòüñÿ çà çàêîíîì òåï-
ëîïðîâ³äíîñò³ (ìîëåêóëÿðíå ïåðåíåñåííÿ òåïëà),
òîáòî ìàº ì³ñöå òåïëîîáì³í, ùî â³äïîâ³äàº ìå-
æîâ³é óìîâ³ ÷åòâåðòîãî ðîäó

TÏ(t)=[Tc(t)]Ï.  (8)

Êð³ì ð³âíîñò³ òåìïåðàòóð, ìàº ì³ñöå òàêîæ
ð³âí³ñòü ïîòîê³â òåïëà

c
c

T T
.

n n 

           
  (9)

Òàêèì ÷èíîì, ïðè êîíâåêòèâíîìó òåïëî-
îáì³í³ òâåðäîãî ò³ëà ç ð³äèíîþ ó âèïàäêó ñòàö³-
îíàðíîãî òåìïåðàòóðíîãî ïîëÿ (T/t=0) ìîæíà
âèêîðèñòàòè ìåæîâ³ óìîâè òðåòüîãî ðîäó, à ñàìå:
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 c

T
T (t) T (t) .

n




      
  (10)

ßêùî ñêîðèñòàòèñÿ çàëåæí³ñòþ ÷àñó â³ä
îñüîâî¿ êîîðäèíàòè ó âèãëÿä³ t=z/Vz (äå Vz –
øâèäê³ñòü ðóõó òðóáè), òî ð³âíÿííÿ (2) ìîæå áóòè
ïåðåïèñàíî òàêèì ÷èíîì:

2 2

m pm z m 2 2

T 1 T T T
C V .

z r r r z

    
          

  (11)

Ïðè öüîìó ïî÷àòêîâà óìîâà çàïèøåòüñÿ òàê:

T(y,z)=Tp ïðè z=0.               (12)

Àíàë³ç îñòàíí³õ äîñë³äæåíü ³ ïóáë³êàö³é
Ó ðîáîò³ [6] ðîçðîáëåíî ìàòåìàòè÷íó ìî-

äåëü äëÿ ïðîöåñ³â îõîëîäæåííÿ ïîë³ìåðíèõ ãðà-
íóë. Ïðè öüîìó äàíó ìîäåëü ìîæíà âèêîðèñòî-
âóâàòè ÿê ïðè õîëîäíîìó ãðàíóëþâàíí³, òàê ³ çà
ìåòîäîì ãàðÿ÷îãî îäåðæàííÿ ãðàíóë. Îñòàòî÷íî
äëÿ âèçíà÷åííÿ òåìïåðàòóðíîãî ïîëÿ T(r,t) â
ïðîöåñ³ îõîëîäæåíí³ äæãóòà (ïðè õîëîäíîìó ãðà-
íóëþâàíí³) àáî îäðàçó ãðàíóëè (ïðè ãàðÿ÷îìó
ãðàíóëþâàíí³) ó äàí³é ðîáîò³ îäåðæàíî ð³âíÿí-
íÿ â òàêîìó âèãëÿä³:
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  (13)

äå R – çîâí³øí³é ðàä³óñ öèë³íäðó (öèë³íäð âè-
êîíàíî áåç âíóòð³øíüî¿ ïîðîæíèíè); Tn – ïî-
÷àòêîâà òåìïåðàòóðà â îá’ºì³ ãðàíóëè; am – êî-
åô³ö³ºíò òåìïåðàòóðîïðîâ³äíîñò³ äëÿ ìàòåð³àëó
ãðàíóëè; c, ac – êîåô³ö³ºíòè, â³äïîâ³äíî, òåï-
ëîïðîâ³äíîñò³ òà òåïëîâ³ääà÷³ îõîëîäíîãî ñåðå-
äîâèùà; Tc – òåìïåðàòóðà îõîëîäíîãî ñåðåäîâè-
ùà; J0, J1, J3 – ôóíêö³¿ Áåññåëÿ ïåðøîãî ðîäó
â³äïîâ³äíî íóëüîâîãî, ïåðøîãî ³ òðåòüîãî ïîðÿä-
êó; Pk – íóë³ äëÿ ôóíêö³¿ Áåññåëÿ J0.

Ó ðîáîò³ [7] ðîçðîáëåíî ìàòåìàòè÷íó ìî-
äåëü äëÿ çîíè äîçóâàííÿ îäíî÷åðâ’ÿ÷íîãî åêñò-

ðóäåðà ó âèãëÿä³ òðèøàðîâî¿ ñõåìè, äå âíóòð³øí³é
øàð ÿâëÿº ñîáîþ îñåðäÿ ÷åðâ’ÿêà, à çîâí³øí³é
øàð – êîðïóñ åêñòðóäåðà; ì³æ íèìè ðîçòàøîâà-
íî ïåðåðîáëþâàíèé ïîë³ìåðíèé ìàòåð³àë (ñõå-
ìó ïîäàíî íà ðèñ. 1).

Ðèñ. 1. Ðîçðàõóíêîâà ñõåìà äëÿ ìîäåëþâàííÿ ïðîöåñ³â ó

ðîáî÷èõ îáñÿãàõ ÷åðâ’ÿ÷íèõ ìàøèí ç óðàõóâàííÿì

êðèâèçíè ãâèíòîâîãî êàíàëó

Ðîçâ’ÿçîê äëÿ äàíî¿ çàäà÷³ îäåðæàíî ó âèã-
ëÿä³ òàêî¿ ñèñòåìè:
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Òóò THk, Tok – òåìïåðàòóðè, â³äïîâ³äíî, çîâí³-
øíüî¿ ïîâåðõí³ êîðïóñà ³ îõîëîäíîãî ñåðåäîâè-
ùà. Ñë³ä çàçíà÷èòè, ùî ð³âíÿííÿ (14) ïðè éîãî
ðîçâ’ÿçàíí³ ìîæå ìàòè â çàãàëüíîìó âèïàäêó òðè
íåâ³äîìèõ, à ñàìå: òåìïåðàòóðó THk, òåìïåðàòó-
ðó íà ïîâåðõí³ îñåðäÿ ÷åðâ’ÿêà Tm(z,Rv) ³ òåìïå-
ðàòóðó íà âíóòð³øí³é ïîâåðõí³ ìàòåð³àëüíîãî öè-
ë³íäðà Tm(z,Rn), ÿêà â³äïîâ³äàº òåìïåðàòóð³ TBk.
Ùîá çíàéòè çíà÷åííÿ öèõ òåìïåðàòóð íà êîæ-
íîìó êðîö³ âçäîâæ êîîðäèíàòè z íåîáõ³äíî ðîç-
â’ÿçàòè òàêó ñèñòåìó ð³âíÿíü:

 
   

Hk m n
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n k
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dis m
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2
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2
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2
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äå ok – êîåô³ö³ºíò òåïëîâ³ääà÷³ ì³æ îõîëîäíèì
ñåðåäîâèùåì ³ çîâí³øíüîþ ïîâåðõíåþ êîðïóñà;
Fdis – ôóíêö³ÿ äèñèïàö³¿, ÿêà âèçíà÷àºòüñÿ ³ç
âèðàçó

z
dis r rz

dV V dV
F ,

dr r dr

 


 
    

 

äå V, Vz – êîìïîíåíòè âåêòîðà øâèäêîñò³ ðóõó;
r, rz – êîìïîíåíòè òåíçîðà íàïðóæåíü.

Â ðîáîòàõ [6,7] äëÿ îòðèìàííÿ ôóíêö³îíàëü-
íèõ çàëåæíîñòåé ç ìåòîþ ìîäåëþâàííÿ òåìïå-
ðàòóðè â äîñë³äæóâàíèõ îá’ºêòàõ âèêîðèñòàíî
³íòåãðàëüíå ïåðåòâîðåííÿ, ïðè öüîìó â ÿêîñò³
ìåæîâèõ óìîâ îáðàíî òåìïåðàòóðí³ ìåæî³ óìî-
âè òðåòüîãî ðîäó, òîáòî êîíâåêòèâíèé òåïëî-
îáì³í.

Ñåðåä ³íøèõ ðîá³ò ìîæíà òàêîæ âèä³ëèòè
ñòàòò³ [8–10]. Êð³ì àíàë³òè÷íîãî îäåðæàííÿ
ð³âíÿíü çà äîïîìîãîþ ³íòåãðàëüíîãî ïåðåòâîðåí-
íÿ Ëàïëàñà, òåïëîâ³ ïðîöåñè ìîæíà ìîäåëþâà-
òè òàêîæ çà äîïîìîãîþ îäíîãî ³ç ïàêåò³â ïðè-
êëàäíèõ ïðîãðàì, íàïðèêëàä, Solid Works [11,12].

Ôîðìóëþâàííÿ ìåòè ñòàòò³
Îñíîâíà ìåòà äàíî¿ ñòàòò³ ïîëÿãàº â ðîç-

ðîáö³ ìàòåìàòè÷íî¿ ìîäåë³ äëÿ àíàë³çó òåìïåðà-
òóðíîãî ïîëÿ ïðè îõîëîäæåíí³ ïîë³ìåðíèõ òðóá-
íèõ çàãîòîâîê íà åêñòðóç³éíèõ ë³í³ÿõ, ùî äîçâî-
ëèòü îïòèì³çóâàòè íå ò³ëüêè òåõíîëîã³÷í³ ïàðà-
ìåòðè, à é êîíñòðóêòèâí³ õàðàêòåðèñòèêè ë³í³¿.

Âèêëàä îñíîâíîãî ìàòåð³àëó äîñë³äæåííÿ
Äëÿ ìîäåëþâàííÿ òåìïåðàòóðíèõ ïîë³â ïðè

îõîëîäæåíí³ òðóá ðîçðàõóíêîâó ñõåìó ìîæíà
ïîäàòè çã³äíî ç ðèñ. 2, òîáòî òåìïåðàòóðíèé ïðî-
öåñ áóäå ðîçãëÿäàòèñÿ â öèë³íäðè÷í³é ñèñòåì³
êîîðäèíàò.

Ðèñ. 2. Ðîçðàõóíêîâà ñõåìà äëÿ ìîäåëþâàííÿ

òåìïåðàòóðíèõ ïðîöåñ³â ïðè îõîëîäæåíí³ òðóá

ßêùî âðàõîâóâàòè ñèìåòðè÷í³ñòü ðîçïîä³-
ëó òåìïåðàòóðè âçäîâæ êóòîâî¿ êîîðäèíàòè, à
òàêîæ ïðèéíÿòè óìîâó ñòàö³îíàðíîñò³ ïðîöåñó,
òî ð³âíÿííÿ òåïëîâîãî áàëàíñó ìîæå áóòè íàäà-
íî â òàêèé ñïîñ³á:

2 2

m pm z m 2 2

T 1 T T T
C V ,

z r r r z

    
          

  (18)

äå Vz – øâèäê³ñòü ðóõó òðóáè; m – ãóñòèíà ïå-
ðåðîáëþâàíîãî ìàòåð³àëó; Cpm, m – â³äïîâ³äíî
êîåô³ö³ºíòè òåïëîºìíîñò³ é òåïëîïðîâ³äíîñò³
ïîë³ìåðíîãî ìàòåð³àëó.

Ç îãëÿäó íà òå, ùî ãåîìåòð³÷í³ ðîçì³ðè òðó-
áè â íàïðÿìêó îñ³ r íàáàãàòî ìåíø³, í³æ ó íà-
ïðÿìêó îñ³ z (â³ñü z ñïðÿìîâàíî âçäîâæ îñ³ òðó-
áè), òî îñòàííº ð³âíÿííÿ ìîæëèâî ñïðîñòèòè äî
òàêîãî âèãëÿäó:
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2

m pm z m 2

T 1 T T
C V .

z r r r

   
        

  (19)

Äëÿ ðîçâ’ÿçàííÿ ð³âíÿííÿ (19) ñêîðèñòà-
ºìîñÿ çà ðàä³óñîì ìåæîâèìè óìîâàìè ïåðøîãî
ðîäó, à ñàìå:

n n

v v

T T r R ;

T T r R ,

  
  

при

при
  (20)

äå Tn – òåìïåðàòóðà çîâí³øíüî¿ ïîâåðõí³ òðóáè;
Tv – òåìïåðàòóðà âíóòð³øíüî¿ ïîâåðõí³ òðóáè.

Ïî÷àòêîâó óìîâó çà êîîðäèíàòîþ z ïîäàìî
â òàêîìó âèãëÿä³:

T=Tp ïðè z=0.                          (21)

Ïðè ðîçâ’ÿçàíí³ ð³âíÿííÿ (19) âèêîðèñòàº-
ìî ³íòåãðàëüíå ïåðåòâîðåííÿ Ëàïëàñà çà êîîð-
äèíàòîþ z [11, 12]. Òîä³ îïåðàòîðíèé àíàëîã çà-
ïèøåòüñÿ òàê:

 
2 L L

L

m pm z p m 2

d T 1 dT
C V sT T ,

dr r dr

 
      

 

äå TL – çîáðàæåííÿ òåìïåðàòóðè T; s – çì³ííà
Ëàïëàñà.

Ïåðåïèøåìî îñòàííº ð³âíÿííÿ ó âèãëÿä³:

2 L L
pL

2

z z

Td T 1 dT s
T ,

dr r dr a a
      (22)

äå az=mCpmVz/m.
Ðîçâ’ÿçîê ð³âíÿííÿ (22) ìàº âèãëÿä [13–15]:

pL

1 0 2 0

z z

T s s
T C J ir C Y ir ,

s a a

   
        

   
  (23)

äå J0, Y0 – ôóíêö³¿ Áåññåëÿ â³äïîâ³äíî ïåðøîãî ³
äðóãîãî ðîäó íóëüîâîãî ïîðÿäêó; i – óÿâíà îäè-
íèöÿ; C1, C2 – ñòàë³ ³íòåãðóâàííÿ.

Îïåðàòîðíèé àíàëîã ìåæîâèõ óìîâ (20) çà-
ïèøåòüñÿ òàê:

L n
n

L v
v

T
T r R ;

s

T
T r R .

s

  

 


при

при

  (24)

Ï³äñòàâèâøè ìåæîâ³ óìîâè (24) ó ð³âíÿí-
íÿ (23) ³ âèçíà÷èâøè ñòàë³ ³íòåãðóâàííÿ, îäåð-
æèìî ð³âíÿííÿ äëÿ òåìïåðàòóðè â çîáðàæåííÿõ:

p n p v pL
T T T T TA1(s, r) A2(s, r)

T ,
s s B(s) s B(s)

 
     (25)

äå 
0 n 0 v

z z

0 v 0 n

z z

s s
B(s) J iR Y iR

a a

s s
J iR Y iR ;

a a

   
       

   

   
       

   

0 n 0

z z

0 n 0

z z

s s
A1(s, r) J iR Y ir

a a

s s
Y iR J ir ;

a a

   
       

   

   
       

   

0 v 0

z z

0 v 0

z z

s s
A2(s, r) Y iR J ir

a a

s s
J iR Y ir .

a a

   
       

   

   
       

   

Ùîá ïåðåéòè äî îðèã³íàëó âèðàçó, òðåáà
çíàéòè îðèã³íàëè êîæíîãî ç ÷ëåí³â ó éîãî ïðàâ³é
÷àñòèí³. Äëÿ ïåðøîãî ÷ëåíó ïåðåõ³ä â³ä çîáðà-
æåííÿ äî îðèã³íàëó çä³éñíþºòüñÿ äîñèòü ïðî-
ñòî, à ñàìå:

p

p

T
T .

s
   (26)

Îðèã³íàëè äëÿ äðóãîãî ³ òðåòüîãî ÷ëåí³â
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ìîæíà îäåðæàòè, ÿêùî íà ïåðøîìó åòàï³ âèêî-
ðèñòàòè äðóãó òåîðåìó ðîçêëàäàííÿ [12] ó âèãëÿä³:

 
 

 
 

 k

k

k 1 k

A s, r A s , r
exp s z ,

B s B s






   (27)

äå    

k

k

s s

dB s
B s .

ds


 

Íà äðóãîìó åòàï³ ñë³ä ñêîðèñòàòèñÿ òåîðå-
ìîþ ïðî ³íòåãðóâàííÿ îðèã³íàëó, à ñàìå:

z

k
k

k kj

A(s , r)
exp(s )d .

B (s )
 

   (28)

Ó âèðàçàõ (27) ³ (28) âåëè÷èíà À(s,r) äëÿ
äðóãîãî ÷ëåíà â³äïîâ³äàº À1(s,r), à äëÿ òðåòüîãî,
â³äïîâ³äíî – À2(s,r). Ïðè öüîìó sk ïîçíà÷àº ïî-
ëþñè äëÿ B(sk), ÿê³ â öüîìó âèïàäêó ìîæíà âè-
ðàçèòè òàê:

2

k
k z

cp

P
s a ,

R

 
    

 
  (29)

äå Rcp – ñåðåäí³é ðàä³óñ (Rcp=(Rn+Rv)/2); Pk –
íóë³ äëÿ êîìïëåêñó B(sk) ïðè ï³äñòàíîâö³ â íüî-
ãî ïîëþñ³â (29).

Îñòàòî÷íî äëÿ ðîçïîä³ëó òåìïåðàòóðíîãî
ïîëÿ â òðóáí³é çàãîòîâö³ ìîæíà çàïèñàòè íàñòóï-
íèé âèðàç:
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 (30)

äå   n
k 0 k 0 k

ср ср

n
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ср ср

R r
A1 r J P Y P

R R

R r
Y P J P ;

R R
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v n
1 k 0 k v
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Ïðèêëàä âèêîðèñòàííÿ ðîçðàõóíêîâèõ çà-
ëåæíîñòåé, îòðèìàíèõ çà ðîçðîáëåíîþ ìàòåìà-
òè÷íîþ ìîäåëëþ, íàâåäåíî â ïðîãðàìíîìó áëîö³,
ïîáóäîâàíî íà áàç³ ìàòåìàòè÷íîãî ïàêåòó
MathCAD âåðñ³¿ 11 (ðèñ. 3).

Íà ðèñ. 4 ïðåäñòàâëåíî ãðàô³ê âèçíà÷åííÿ
íóë³â ôóíêö³¿ JY0(x).

Çà ðåçóëüòàòàìè îá÷èñëåíü ïîáóäîâàíî òðè-
âèì³ðíèé ãðàô³ê äëÿ ðîçïîä³ëåííÿ òåìïåðàòóðè
ïðè îõîëîäæåíí³ òðóáíèõ çàãîòîâîê ³ç ïîë³ìå-
ð³â (ðèñ. 5).

Âèñíîâêè
Ó äàí³é ðîáîò³ ðîçðîáëåíî ìàòåìàòè÷íó

ìîäåëü äëÿ ìîäåëþâàííÿ òà îïòèì³çàö³¿ ïðîöåñ³â
îõîëîäæåííÿ òðóáíèõ çàãîòîâîê ³ç ïîë³ìåðíèõ
ìàòåð³àë³â. Íà áàç³ ðîçðîáëåíî¿ ìàòåìàòè÷íî¿
ìîäåë³ ïîáóäîâàíî ïðîãðàìíèé áëîê MathCAD
äëÿ ðåàë³çàö³¿ äàíî¿ ìîäåë³. Íàâåäåíî ðåçóëüòà-
òè ðîçðàõóíê³â ó âèãëÿä³ ãðàô³ê³â, ÿê³ äîçâîëÿ-
þòü õàðàêòåðèçóâàòè àäåêâàòí³ñòü íàäàíèõ ìà-
òåð³àë³â.
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Ðèñ. 3. Ïðîãðàìíèé áëîê MathCAD
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Ðèñ. 4. Ãðàô³ê äëÿ âèçíà÷åííÿ íóë³â ôóíêö³¿ JY0(x)
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ÏÎËÈÌÅÐÎÂ

Êóçÿåâ È.Ì., Ìèòðîõèí À.À., Êàçèìèðîâ È.Ï.

Èçãîòîâëåíèþ ïîëèìåðíûõ òðóá ïîñâÿùåíî ìíîãî íàó÷-
íûõ òðóäîâ. Ïðè ýòîì òàêîìó ïðîöåññó, êàê îõëàæäåíèå êî-
íå÷íîãî ïðîäóêòà ïîñëå ýêñòðóçèè, óäåëåíî íåìíîãî âíèìàíèÿ.
Îõëàæäåíèå ïîëèìåðíûõ òðóáíûõ çàãîòîâîê, êàê è áîëüøèí-
ñòâî ïðîöåññîâ ïåðåðàáîòêè ïëàñòìàññ, îòíîñèòñÿ ê íåèçî-
òåðìè÷åñêèì ïðîöåññàì, òî åñòü íåîáõîäèìî ðåøàòü òåïëî-
âóþ çàäà÷ó. Îò òî÷íîãî ðàñ÷åòà òåïëîâîãî áàëàíñà î÷åíü çà-
âèñèò êîíå÷íûé ðåçóëüòàò ýêñòðóçèîíîãî ïðîöåññà. Â äàííîé
ðàáîòå ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññîâ îõëàæ-
äåíèÿ òðóáíûõ çàãîòîâîê èç ïîëèìåðîâ, ïîëó÷åííûõ ìåòîäîì
ýêñòðóçèè. Ñîçäàíî íåñêîëüêî ìàòåìàòè÷åñêèõ ìîäåëåé òåï-
ëîâûõ ïðîöåññîâ äëÿ òåïëîýíåðãåòè÷åñêîãî îáîðóäîâàíèÿ. Ïðè
ýòîì ïðåäëîæåíû ðàçíûå ðàñ÷åòíûå ñõåìû, ìåòîäû è óðàâíå-
íèÿ äëÿ èõ ðåøåíèÿ. Ìàòåìàòè÷åñêóþ ìîäåëü äëÿ îòîáðàæå-
íèÿ ïðîöåññîâ îõëàæäåíèÿ ïîëèìåðíûõ òðóáíûõ çàãîòîâîê ïîñëå
èõ ýêñòðóçèè ìîæíî ñ÷èòàòü ðàñøèðåíèåì ýòèõ èññëåäîâà-
íèé. Â õîäå ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçîâàíà
öèëèíäðè÷åñêàÿ ñèñòåìà êîîðäèíàò â ïðåäïîëîæåíèè ñèììåò-
ðè÷íîñòè âäîëü óãëîâîé êîîðäèíàòû. Ïðè ýòîì â íà÷àëüíîé
ïîñòàíîâêå ðàññìàòðèâàëñÿ íåñòàöèîíàðíûé ïðîöåññ. Â äàëü-
íåéøåì, èñïîëüçóÿ çàìåíó íåçàâèñèìîé ïåðåìåííîé ïî âðåìåíè
÷åðåç íåçàâèñèìóþ ïåðåìåííóþ ïî îñåâîé êîîðäèíàòå è îñåâîé

Ðèñ. 5. Òðèâèì³ðíèé ãðàô³ê äëÿ ðîçïîä³ëåííÿ òåìïåðàòóðè ïðè îõîëîäæåíí³ òðóáíèõ çàãîòîâîê ³ç ïîë³ìåð³â
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ñêîðîñò³ äâèæåíèÿ, âûïîëíåí ïåðåõîä ê äèôôåðåíöèàëüíîìó
óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ âäîëü äâóõ ëèíåéíûõ êîîðäè-
íàò. Ðåøåíèå äàííîãî óðàâíåíèÿ íàõîäèëîñü ñ ïîìîùüþ îïåðà-
öèîííîãî ìåòîäà (ìåòîäîì èíòåãðàëüíîãî ïðåâðàùåíèÿ Ëàï-
ëàñà). Îêîí÷àòåëüíîå ðåøåíèå ïîñòàâëåííîé çàäà÷è (ïîñëå ïðÿ-
ìîãî è îáðàòíîãî ïðåâðàùåíèÿ Ëàïëàñà) ïîëó÷åíî ÷åðåç ôóíê-
öèè Áåññåëÿ íà áàçå ïàêåòà MATHCAD ñ èñïîëüçîâàíèåì ðÿäà
âñòðîåííûõ â äàííûé ïàêåò ôóíêöèé è âû÷èñëèòåëüíûõ áëî-
êîâ. Òàêèì îáðàçîì, â äàííîé ðàáîòå ðàçðàáîòàíà ìàòåìàòè-
÷åñêàÿ ìîäåëü äëÿ ìîäåëèðîâàíèÿ è îïòèìèçàöèè ïðîöåññîâ îõ-
ëàæäåíèÿ òðóáíûõ çàãîòîâîê èç ïîëèìåðíûõ ìàòåðèàëîâ. Íà
áàçå ðàçðàáîòàííîé ìàòåìàòè÷åñêîé ìîäåëè ïîñòðîåí ïðî-
ãðàììíûé áëîê MATHCAD äëÿ ðåàëèçàöèè äàííîé ìîäåëè. Ïðè-
âåäåíû ðåçóëüòàòû ðàñ÷åòîâ â âèäå ãðàôèêîâ, êîòîðûå ïîçâî-
ëÿþò õàðàêòåðèçîâàòü àäåêâàòíîñòü ïðåäñòàâëåííûõ ìàòå-
ðèàëîâ.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, óðàâíåíèå
áàëàíñà, ïðåâðàùåíèå Ëàïëàñà, ïðîãðàììíûé áëîê.

MATHEMATICAL MODELING OF CHILLING PROCESS
OF POLYMER TUBE BILLETS

Kuzyayev I., Mitrokhin O., Kazimirov I.

Ukrainian State University of Chemical Technology, Dnipro,
Ukraine

There are many works about producing of polymer tubes. But
less attention is paid to the process of chilling of polymer products.
The chilling of polymer tube billets, as most polymer processing
processes, is a non-isothermal process. This means that it is necessary
to solve the heat problem. Accurate calculation of the heat balance
is one of the main components for the final result of the extrusion
process. The mathematical model had been created for process of
chilling of polymer tube billets after extrusion in this work. Several
mathematical models of heating process for heat and power equipment
have been created. Different calculation schemes, methods and
equations for its solution are suggested. The mathematical model for
process of chilling of polymer tube billets after it extrusion can be
considered an expansion of research. The mathematical model is
based on cylindrical coordinate system with assumption of
axisymmetric along angular coordinate. The initial problem statement
considered non-stationary process. A transition was made to the
differential equation in partial derivatives along two linear coordinates.
Solution of this equation was found using the operation method
(Laplace integral transform method). The final solution of the problem
(after direct and reverse Laplace transform) was obtained from the
Bessel function. It was calculated in MathCAD with the help of
built-in functions and computing modules. The mathematical model
was created for modeling and optimization of process of chilling of
polymer tube billets. The results of calculation were presented as
graphs that make it possible to characterize the adequacy of the
materials.

Keywords: mathematical model, balance equation, Laplace
transform, program block.
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