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Â íàñòîÿùåé ðàáîòå ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü äâèæåíèÿ æèäêèõ ñðåä â

ðàáî÷èõ çîíàõ, îáðàçîâàííûìè ìåæäó äâóìÿ äèñêàìè, èìåþùèõ ìåñòî âî ìíîãèõ

òèïàõ ïåðåðàáàòûâàþùåãî îáîðóäîâàíèÿ, ñðåäè êîòîðûõ ìîæíî âûäåëèòü äèñêî-

âûå è ÷åðâÿ÷íî-äèñêîâûå ýêñòðóäåðû äëÿ ïåðåðàáîòêè ïîëèìåðîâ, à òàêæå äèñêî-

âûå èìïóëüñíûå àïïàðàòû, èñïîëüçóåìûå â ñèñòåìàõ îòîïëåíèÿ. Ïðè ïîëó÷åíèè

ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçîâàëàñü öèëèíäðè÷åñêàÿ ñèñòåìà êîîðäèíàò â äî-

ïóùåíèè îñåñèììåòðè÷íîñòè âäîëü óãëîâîé êîîðäèíàòû è ïðåíåáðåæåíèÿ îñåâîé

ñîñòàâëÿþùåé ñêîðîñòè, ÷òî äàëî âîçìîæíîñòü ïîëó÷èòü ñèñòåìó äâóõ äèôôåðåí-

öèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Èñïîëüçîâàíèå óðàâíåíèÿ íåðàç-

ðûâíîñòè ïîçâîëèëî ïðåîáðàçîâàòü ïîëó÷åííóþ ìîäåëü ê ñèñòåìå äâóõ äèôôåðåí-

öèàëüíûõ íåëèíåéíûõ óðàâíåíèé â îáûêíîâåííûõ ïðîèçâîäíûõ. Ðåøåíèå ðàçðà-

áîòàííîé ìàòåìàòè÷åñêîé ìîäåëè ìîæåò áûòü ïîëó÷åíî äëÿ äâóõ ðåæèìîâ ôóíê-

öèîíèðîâàíèÿ äèñêîâûõ ìàøèí, à èìåííî: ïåðâîå – áåçíàïîðíîå äâèæåíèå; âòî-

ðîå – íàïîðíîå äâèæåíèå. Äëÿ ïåðâîãî ðåæèìà ìîæíî ïðåíåáðå÷ü ãðàäèåíòîì

äàâëåíèÿ âäîëü ðàäèàëüíîé îñè, à â ñëó÷àå âòîðîãî ðåæèìà êîìïîíåíò óðàâíåíèÿ

äâèæåíèÿ ñ ãðàäèåíòîì äàâëåíèÿ, âîçíèêàþùåãî âñëåäñòâèå ðàçíîñòåé ïðîèçâîäè-

òåëüíîñòåé ÷åðåç âõîäíîå è âûõîäíîå îòâåðñòèÿ, íåîáõîäèìî îáÿçàòåëüíî ó÷èòû-

âàòü. Âîñïðîèçâåäåíèå ìàòåìàòè÷åñêîé ìîäåëè îñóùåñòâëÿëîñü ïðè ïîìîùè ïàêå-

òà MathCAD ñ èñïîëüçîâàíèåì âû÷èñëèòåëüíîãî áëîêà Given-Odesolve. Ïðè ýòîì

íà íà÷àëüíîì ýòàïå ðàññìàòðèâàëñÿ ïåðâûé ðåæèì. Ðåçóëüòàòû ðàñ÷åòîâ ïîêàçàëè,

÷òî äëÿ ðåàëüíûõ ãåîìåòðè÷åñêèõ è òåõíîëîãè÷åñêèõ ïàðàìåòðîâ ôóíêöèÿ óãëîâîé

ñîñòàâëÿþùåé ñêîðîñòè èìååò ëèíåéíûé õàðàêòåð. Èñïîëüçóÿ ïîñëåäíåå çàìå÷à-

íèå, ïðåäñòàâëÿåòñÿ âîçìîæíûì çíà÷èòåëüíî óïðîñèòü ìàòåìàòè÷åñêóþ ìîäåëü. Ñ

èñïîëüçîâàíèåì ïîëó÷åííîé ìàòåìàòè÷åñêîé ìîäåëè îïðåäåëåíà ôóíêöèÿ äèññè-

ïàöèè, õàðàêòåðèçóþùàÿ ìåæìîëåêóëÿðíîå âçàèìîäåéñòâèå â ðàáî÷åé ñðåäå. Èìåÿ

êàðòèíó ðàñïðåäåëåíèÿ ôóíêöèè äèññèïàöèè ïî îáúåìó ðàáî÷åãî ïðîñòðàíñòâà,

ðàññ÷èòàíà çàòðà÷èâàåìàÿ ìîùíîñòü íà ïðîäâèæåíèå ïåðåðàáàòûâàåìîé æèäêî-

ñòè. Â ðàáîòå ïðèâåäåíî áîëüøîå êîëè÷åñòâî ãðàôèêîâ, ïîçâîëÿþùèõ îöåíèòü àäåê-

âàòíîñòü ïîëó÷åííûõ ðåçóëüòàòîâ ðàçðàáîòàííîé ìàòåìàòè÷åñêîé ìîäåëè.
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ìîäåëü, ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, ãðàäèåíò äàâëåíèÿ, ïàêåò MathCAD,
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Ïîñòàíîâêà ïðîáëåìû

Â íàñòîÿùåå âðåìÿ øèðîêîå èñïîëüçîâà-
íèå íàøëî îáîðóäîâàíèÿ, â êîòîðîì èìåþò ìå-
ñòî âðàùàþùèåñÿ ýëåìåíòû äèñêîâîé ôîðìû,
îáðàçóþùèå ñîîòâåòñòâóþùèå ðàáî÷èå çîíû, ãäå
âûïîëíÿþòñÿ íåîáõîäèìûå ïðîöåññû.

Ê òàêîìó òèïó îáîðóäîâàíèÿ ìîæíî, â ïåð-

âóþ î÷åðåäü, îòíåñòè äèñêîâûå è ÷åðâÿ÷íî-äèñ-
êîâûå ýêñòðóäåðû äëÿ ïåðåðàáîòêè ïîëèìå-
ðîâ [1]. Îñíîâíîå íàçíà÷åíèå äàííîãî òèïà îáî-
ðóäîâàíèÿ çàêëþ÷àåòñÿ â ïîäãîòîâêå ïîëèìåð-
íûõ êîìïîçèöèé ñ íåîáõîäèìûì êà÷åñòâîì, ÷òî
äîñòèãàåòñÿ ñîîòâåòñòâóþùåé ñòåïåíüþ ãîìîãå-
íèçàöèè.
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Êî âòîðîìó òèïó îáîðóäîâàíèÿ ñ äèñêîâû-
ìè ðàáî÷èìè çîíàìè ìîæíî îòíåñòè äèñêîâûå
èìïóëüñíûå àïïàðàòû, èñïîëüçóåìûå â ñèñòå-
ìàõ îòîïëåíèÿ [2].

Äëÿ òîãî ÷òîáû îïòèìèçèðîâàòü òåõíîëî-
ãè÷åñêèå è ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè ïå-
ðåðàáàòûâàþùåãî îáîðóäîâàíèÿ, íåîáõîäèìî
èìåòü ñîîòâåòñòâóþùóþ ìàòåìàòè÷åñêóþ ìîäåëü,
÷òî çíà÷èòåëüíî óñêîðÿåò ïðîöåññ ïðîåêòèðî-
âàíèÿ ìàøèííûõ àãðåãàòîâ.

Àíàëèç ïóáëèêàöèé è èññëåäîâàíèé

Ðåøåíèå óðàâíåíèÿ äâèæåíèÿ (Íàâüå-Ñòî-
êñà) äëÿ òå÷åíèÿ âîçëå áåñêîíå÷íî áîëüøîãî
âðàùàþùåãîñÿ äèñêà äëÿ íüþòîíîâñêîé æèäêî-
ñòè âïåðâûå äàë Êàðìàí [3]. Èñïîëüçóÿ ãèïîòå-
çó î ñõîäñòâå, Êàðìàí ñâåë óðàâíåíèÿ Íàâüå-
Ñòîêñà ê îáû÷íûì íåëèíåéíûì äèôôåðåíöè-
àëüíûì óðàâíåíèÿì âèäà:

H IV+H H III+G G I=0;  (1)

G II+H G I–H IG=0,  (2)

ãäå  – êèíåìàòè÷åñêàÿ âÿçêîñòü; Vz=–H(z);
Vr=r/2HI(z); Vj=r/2G(z).

Ðåøèâ ñèñòåìó óðàâíåíèé (1) è (2), Êàð-
ìàí äîêàçàë, ÷òî íà ðàññòîÿíèè îò ãðàíè÷íîãî
ñëîÿ æèäêîñòè, êîòîðûé íàõîäèòñÿ âáëèçè îò
äèñêà, òàíãåíöèàëüíûå è ðàäèàëüíûå ñêîðîñòè
ïðèáëèæàþòñÿ ê íóëþ ïðè óâåëè÷åíèè ÷èñëà
Ðåéíîëüäñà.

Èñïîëüçîâàâ ïîäõîä Êàðìàíà, Áåò÷åëîð
ðåøèë çàäà÷ó î äâèæåíèè æèäêîñòè ìåæäó äâó-
ìÿ äèñêàìè, êîòîðûå âðàùàþòñÿ âîêðóã îáùåé
îñè, ïåðïåíäèêóëÿðíîé ê íèì. Áåò÷åëîð ïðåîá-
ðàçîâàë óðàâíåíèÿ Íàâüå-Ñòîêñà ê ñëåäóþùåé
ñèñòåìå:

 
2

2
I II 2 III

2

1 1 с 1
h h h g h ;

4 2 2

  
          

(3)

–g h I+g Ih=g II,  (4)

ãäå  – óãëîâàÿ ñêîðîñòü; c – êîíñòàíòà;
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Ïîëó÷åííûå Áåò÷åëîðîì ðåçóëüòàòû óêàçû-
âàþò íà òî, ÷òî ïðè áîëüøèõ ÷èñëàõ Ðåéíîëüäñà
îñíîâíîé îáúåì æèäêîñòè âðàùàåòñÿ ñ ïîñòî-
ÿííîé óãëîâîé ñêîðîñòüþ. Êðîìå òîãî, âîçëå

ïîâåðõíîñòåé äèñêîâ âîçíèêàþò ãðàíè÷íûå ñëîè.
Äðóãîé ðåçóëüòàò áûë ïîëó÷åí Ñòåâàòñî-

íîì [4]. Åãî äàííûå óêàçûâàþò íà òî, ÷òî â ñëó-
÷àå äâèæåíèÿ äâóõ äèñêîâ â ïðîòèâîïîëîæíûõ
íàïðàâëåíèÿõ èëè ïðè îäíîì íåïîäâèæíîì äèñ-
êå, îñíîâíàÿ ìàññà æèäêîñòè, ðàñïîëîæåííàÿ çà
ïðåäåëàìè ãðàíè÷íûõ ñëîåâ äèñêîâ, âðàùàòüñÿ
íå áóäåò.

Â ðàáîòå Äèéêñòðà è âàí Õåéñòà [5] ðàñ-
ñìàòðèâàëîñü ïîâåäåíèå æèäêîñòè ìåæäó äâóìÿ
êîíå÷íûìè âðàùàþùèìèñÿ äèñêàìè, âíåøíèå
äèàìåòðû êîòîðûõ îãðàíè÷åíû öèëèíäðîì.

Ðåçóëüòàòû äàííîé ðàáîòû â ñëó÷àå, åñëè
îäèí äèñê íåïîäâèæíûé, à âòîðîé âðàùàåòñÿ,
ñîâïàäàþò ñ òåîðèåé Áåò÷åëîðà, òî åñòü çíà÷è-
òåëüíàÿ ÷àñòü æèäêîñòè, êîòîðàÿ íàõîäèòñÿ çà
ïðåäåëàìè ãðàíè÷íûõ ñëîåâ, âðàùàåòñÿ êàê òâåð-
äîå òåëî.

Çíà÷èòåëüíûé èíòåðåñ â òåîðåòè÷åñêîì è
ïðèêëàäíîì ïëàíå èìåþò ðàáîòû Øåðè è Àäàì-
ñà [6,7] ïðèìåíèòåëüíî èõ èñïîëüçîâàíèÿ ïðè
ïðîåêòèðîâàíèè ãèäðîñòàòè÷åñêèõ ïîäøèïíè-
êîâ, òîðöîâûõ óïëîòíåíèé, äèñêîâ ìóôò ñöåï-
ëåíèÿ è âðàùàþùèõñÿ òåïëîîáìåííèêîâ.

Îäíèì èç îñíîâíûõ âîïðîñîâ ïðè ïðîåê-
òèðîâàíèè ãèäðîñòàòè÷åñêèõ ïîäøèïíèêîâ ÿâ-
ëÿåòñÿ ñîçäàíèå íåîáõîäèìîãî äàâëåíèÿ ìåæäó
òîðöîâûìè ïîâåðõíîñòÿìè âàëà è êîðïóñà, êî-
òîðûå îáðàçîâûâàþò äèñêîâîå ïðîñòðàíñòâî ñ
íåçíà÷èòåëüíîé âûñîòîé ïî îòíîøåíèþ ê ðà-
äèóñó.

Â ðàáîòàõ Øåðè è Àäàìñà ïîëó÷åíî óðàâ-
íåíèå äëÿ ðàñïðåäåëåíèÿ äàâëåíèÿ â äèñêîâîì
çàçîðå â âèäå:

     1 12

Re
P r P r P r , r ,

H

 
     (5)

ãäå    
1

r

1

r

dP r
P r , r dr ;

dr
    

Q
Re .

2 H


  

Â ðàáîòå [8] áûëî ðàññìîòðåíî òå÷åíèå ìàê-
ñâåëëîâñêîé æèäêîñòè â äèñêîâîì ïðîñòðàíñòâå.
Èñïîëüçóÿ äàííûé òèï æèäêîñòè, ìîæíî êà÷å-
ñòâåííî îáúÿñíèòü ìíîãî èçâåñòíûõ ïðîÿâëåíèé
âÿçêîóïðóãèõ æèäêîñòåé, òàêèå, íàïðèìåð, êàê
ðåëàêñàöèÿ íàïðÿæåíèé è ýëàñòè÷íîå âîññòàíîâ-
ëåíèå ñðåäû ïîñëå âíåçàïíîãî ñíÿòèÿ ïðèëî-
æåííîãî íàïðÿæåíèÿ. Íåîáõîäèìî, îäíàêî, îò-
ìåòèòü, ÷òî óðàâíåíèå, îïèñûâàþùåå ïîâåäåíèå
æèäêîñòè Ìàêñâåëëà, îãðàíè÷åíî çîíîé áåñêî-
íå÷íî ìàëûõ äåôîðìàöèé è, êðîìå òîãî, äëÿ
ñòàöèîíàðíûõ ðåæèìîâ òå÷åíèÿ îíî ïåðåõîäèò
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â óðàâíåíèå äëÿ íüþòîíîâñêèõ ñðåä.
Ñðåäè ïîñëåäíèõ èññëåäîâàíèé äâèæåíèÿ

ïåðåðàáàòûâàåìûõ ìàòåðèàëîâ ìåæäó äâóìÿ ïëà-
ñòèíàìè ìîæíî âûäåëèòü ðàáîòû Â. Ëåâàíè÷å-
âà [9,10], ãäå ðàññìàòðèâàëèñü ïðîöåññû äâèæå-
íèÿ â ðàáî÷åì êàíàëå ýêñòðóäåðà.

Öåëü è çàäà÷è èññëåäîâàíèÿ

Ðàçðàáîòàòü ìàòåìàòè÷åñêóþ ìîäåëü, ïîçâî-
ëÿþùóþ âûïîëíÿòü àíàëèòè÷åñêèå èññëåäîâà-
íèÿ ïðîöåññîâ äâèæåíèÿ, â ðàáî÷èõ ïðîñòðàí-
ñòâàõ ïåðåðàáàòûâàþùåãî îáîðóäîâàíèÿ, îáðà-
çîâàííûõ ìåæäó äâóìÿ äèñêàìè. Íà îñíîâå ðå-
øåíèÿ ìàòåìàòè÷åñêîé ìîäåëè îïòèìèçèðîâàòü
ãåîìåòðè÷åñêèå è òåõíîëîãè÷åñêèå ïàðàìåòðû
ðàáî÷åãî ïðîñòðàíñòâà â ñîîòâåòñòâèè ñ õàðàê-
òåðèñòèêàìè ïåðåðàáàòûâàåìîé ñðåäû.

Äëÿ äîñòèæåíèÿ ïîñòàâëåííîé öåëè ðåøà-
ëèñü ñëåäóþùèå çàäà÷è: ïîñòðîåíèå áàçîâîé
ìàòåìàòè÷åñêîé ìîäåëè; ìîäåðíèçàöèÿ ïîëó÷åí-
íîé áàçîâîé ìàòåìàòè÷åñêîé ìîäåëè; îïòèìè-
çàöèîííûå àíàëèòè÷åñêèå èññëåäîâàíèÿ âëèÿ-
íèÿ ïàðàìåòðîâ ðàáî÷åãî äèñêîâîãî ïðîñòðàí-
ñòâà è õàðàêòåðèñòèê æèäêîñòåé, ïðîòåêàþùèõ
÷åðåç ðàáî÷èé êàíàë.

Îñíîâíàÿ ÷àñòü èññëåäîâàíèé

Ïðè ðàçðàáîòêå ìàòåìàòè÷åñêîé ìîäåëè,
ñâÿçàííîé ñ äâèæåíèåì æèäêèõ ñðåä â êàíàëàõ
ðàçëè÷íîé ôîðìû, îáÿçàòåëüíûì óñëîâèåì ÿâ-
ëÿåòñÿ èñïîëüçîâàíèå óðàâíåíèé äâèæåíèÿ â
íåîáõîäèìîé ñèñòåìå êîîðäèíàò (â äàííîì ñëó-
÷àå ñëåäóåò èñïîëüçîâàòü öèëèíäðè÷åñêóþ ñèñ-
òåìó êîîðäèíàò). Êðîìå òîãî, òàêæå îáÿçàòåëü-
íûì ýëåìåíòîì ìàòåìàòè÷åñêîãî àïïàðàòà ÿâ-
ëÿåòñÿ ðåîëîãè÷åñêîå óðàâíåíèå ñîñòîÿíèÿ, ñâÿ-
çûâàþùåå êîìïîíåíòû òåíçîðà íàïðÿæåíèé ñ
êîìïîíåíòàìè òåíîðà ñêîðîñòåé äåôîðìàöèé.
Äëÿ ïðîñòåéøåãî ñëó÷àÿ ýòà ñâÿçü îïèñûâàåò
íüþòîíîâñêóþ æèäêîñòü. Â íåêîòîðûõ ñëó÷àÿõ
ïðè ðàçðàáîòêå ìàòåìàòè÷åñêèõ ìîäåëåé ñëåäó-
åò èñïîëüçîâàòü óðàâíåíèå íåðàçðûâíîñòè.

Äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè
ðàñ÷åòíàÿ ñõåìà âûãëÿäèò òàêèì îáðàçîì (ðèñ. 1).

Ïîñòðîåíèå ìàòåìàòè÷åñêèõ ìîäåëåé áóäåì
îñóùåñòâëÿòü íà áàçå òàêèõ äîïóùåíèé: ïðîöåññ
îñåñèììåòðè÷íûé, ò.å. èçìåíåíèåì ôèçè÷åñêèõ
âåëè÷èí âäîëü óãëîâîé êîîðäèíàòû áóäåì ïðå-
íåáðåãàòü (d/dj=0); ïðîöåññ ñòàöèîíàðíûé, ò.å.
èçìåíåíèÿ ôèçè÷åñêèõ âåëè÷èí âî âðåìåíè áó-
äóò íåñóùåñòâåííûì (d/dt=0); ìàññîâûìè ñè-
ëàìè áóäåì ïðåíåáðåãàòü; âñëåäñòâèå ðåàëüíîé
ãåîìåòðèè äèñêîâîãî êàíàëà (h<<R2) áóäåì ïðå-
íåáðåãàòü ñîñòàâëÿþùåé ñêîðîñòè Vz.

Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ

ìîäåëåé: a, b – ñîîòâåòñòâåííî âõîäíîå è âûõîäíîå

îòâåðñòèÿ; 1 – âðàùàþùèéñÿ äèñê; 2, 3 – ñîîòâåòñòâåííî

äèñêîâàÿ è öèëèíäðè÷åñêàÿ ÷àñòè êîðïóñà;

4 – óïëîòíèòåëüíûé ýëåìåíò; 5, 6 – òåïëîèçîëÿöèîííûå

ïëàñòèíû ñîîòâåòñòâåííî äèñêîâîé ÷àñòè êîðïóñà è

âðàùàþùåãîñÿ äèñêà

Èñïîëüçóÿ ïðèíÿòûå äîïóùåíèÿ, óðàâíå-
íèÿ äâèæåíèÿ äëÿ íüþòîíîâñêîé æèäêîñòè ìîæ-
íî çàïèñàòü â òàêîì âèäå:

2

r
r

2 2

r r r r

2 2

VV P
V

r r r

V V V V2
2 ;

r z r r r

  
         

               
  (6)

r

r

2 2

2 2 2

V V V
V

r r

V V V V1
,

r r r r z

 

   

  
      

   
      

    
  (7)

ãäå Vr, Vö – êîìïîíåíòû ñêîðîñòè â öèëèíäðè-
÷åñêîé ñèñòåìå êîîðäèíàò; ,  – ñîîòâåòñòâåí-
íî ïëîòíîñòü è âÿçêîñòü æèäêîñòè; dp/dr – ãðà-
äèåíò äàâëåíèÿ âäîëü ðàäèàëüíîé êîîðäèíàòû.

Â äàííîì ñëó÷àå äëÿ óïðîùåíèÿ ìàòåìàòè-
÷åñêîé ìîäåëè ñëåäóåò âîñïîëüçîâàòüñÿ óðàâíå-
íèå íåðàçðûâíîñòè â âèäå:

V r/r+V r/r=0.  (8)

Èç ïîñëåäíåãî óðàâíåíèÿ âûòåêàåò òàêàÿ
çàâèñèìîñòü:
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V r=f(z)/r,  (9)

ãäå f(z) – íåêîòîðàÿ ôóíêöèÿ, çàâèñÿùàÿ òîëü-
êî îò êîîðäèíàòû z. Äëÿ óãëîâîé ñîñòàâëÿþùåé
ñêîðîñòè ïðèìåì òàêóþ çàâèñèìîñòü:

V j=(z) r,  (10)

ãäå (z) – íåêîòîðàÿ ôóíêöèÿ, çàâèñÿùàÿ òàêæå
òîëüêî îò êîîðäèíàòû z.

Ñîîòâåòñòâóþùàÿ ïîäñòàíîâêà ïðèâîäèò ê
òàêîé ñèñòåìå:

2
2

3

f (z) P f (z)
(z) r ;

r r r

  
            

  (11)

2 f (z)
(z) (z) r.

r

          (12)

Ðåøåíèå ñèñòåìû óðàâíåíèé (11) è (12)
ìîæåò áûòü îñóùåñòâëåíî äëÿ äâóõ ðåæèìîâ:
ïåðâûé – áåçíàïîðíîå òå÷åíèå (â äàííîì ñëó-
÷àå ãðàäèåíò äàâëåíèå ðàâåí íóëþ); âòîðîé –
íàïîðíîå òå÷åíèå (â äàííîì ñëó÷àå ãðàäèåíò
äàâëåíèå íå ðàâåí íóëþ, à çàâèñèò îò ñîîòíî-
øåíèé ïðîèçâîäèòåëüíîñòåé Q1 è Q3).

Ðåàëèçàöèÿ ìàòåìàòè÷åñêîé ìîäåëè âîñïðî-
èçâîäèëàñü ïðè ïîìîùè ìàòåìàòè÷åñêîãî ïàêå-
òà MathCAD. Äëÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé
(11)–(12) âîñïîëüçóåìñÿ âû÷èñëèòåëüíûì áëî-
êîì Given-Odesolve. Ðåøåíèå â âèäå ãðàôèêîâ
ïðèâåäåíî íà ðèñ. 2. Ïðè ýòîì ïðèíÿòû òàêèå
ïàðàìåòðû: êîýôôèöèåíò âÿçêîñòè æèäêîñòè –
=180 Ïàñ; óãëîâàÿ ñêîðîñòü âðàùåíèÿ äèñêà
– =16 ñ-1; ïëîòíîñòü æèäêîñòè – =925 êã/ì3;
ðàäèóñ äèñêà – r=0,15 ì.

Êàê âèäíî èç ïðèâåäåííûõ ãðàôèêîâ íà
ðèñ. 2, íà çíà÷èòåëüíîì èíòåðâàëå âûñîò äèñ-
êîâîãî êàíàëà, îõâàòûâàþùèõ ïðàêòè÷åñêè âåñü
êëàññ äàííîãî òèïà àãðåãàòîâ, ìîæíî èñïîëüçî-
âàòü ëèíåéíóþ çàâèñèìîñòü óãëîâîé ñîñòàâëÿþ-
ùåé ñêîðîñòè ïî âûñîòå çàçîðà, òî åñòü âìåñòî
ñîîòíîøåíèÿ (10) áóäåò ñïðàâåäëèâûì òàêîå
ðàâåíñòâî:

V z r.
h




     (13)

Êðîìå òîãî, ÷èñëåííûé àíàëèç óðàâíå-
íèÿ (11) ïðèâîäèò ê çàêëþ÷åíèþ, ÷òî âòîðîé
÷ëåí, ñòîÿùèé â ïðàâîé ÷àñòè óðàâíåíèÿ (11),
êàê ìèíèìóì, íà äâà ïîðÿäêà áîëüøå, ÷åì ïåð-
âûé.

Äâà ïîñëåäíèõ çàìå÷àíèÿ ïîçâîëÿåò ñóùå-
ñòâåííî óïðîñòèòü ñèñòåìó óðàâíåíèé (11) è (12),
à èìåííî: äàííàÿ ñèñòåìà óðàâíåíèé ïåðåõîäèò
â îäíî äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî
ïîðÿäêà îòíîñèòåëüíî ðàäèàëüíîé ñîñòàâëÿþùåé
ñêîðîñòè â îáûêíîâåííûõ ïðîèçâîäíûõ. Òàêèì
îáðàçîì, âìåñòî ñèñòåìû óðàâíåíèé (11) è (12),
ñ ó÷åòîì âûðàæåíèÿ (9), ìîæíî çàïèñàòü óðàâ-
íåíèå:

2 2

r
12 2

d V z r 1 P
K ,

dz h r

 
   

 
  (14)

ãäå 

2

1K .





Ñ ó÷åòîì íåèçìåííîñòè ãåîìåòðè÷åñêèõ è
òåõíîëîãè÷åñêèõ ïàðàìåòðîâ â óðàâíåíèè (14)
îòíîñèòåëüíî îñåâîé êîîðäèíàòû (êðîìå ðàäè-
àëüíîé ñêîðîñòè) ïîñëåäíåå óðàâíåíèå ïðåäñòàâ-

Ðèñ. 2. Ãðàôèêè ðàñïðåäåëåíèÿ ñêîðîñòè â äèñêîâîì êàíàëå ïðè ðàçíûõ çíà÷åíèÿõ âûñîòû

h: ——— – h=6 ìì;  – h=10 ìì;  — — — – h=14 ìì
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ëÿåò ñîáîé äèôôåðåíöèàëüíîå óðàâíåíèå ñ ðàç-
äåëÿþùèìèñÿ ïåðåìåííûìè. Ïðè ýòîì èñïîëü-
çóÿ óðàâíåíèå íåðàçðûâíîñòè â èíòåãðàëüíîé
ôîðìå (G1+G2–G3=0, ãäå G1 – ðàñõîä æèäêî-
ñòè, ïîñòóïàþùåé ÷åðåç âõîäíîé ïàòðóáîê;
G2 – ðàñõîä æèäêîñòè â äèñêîâîì êàíàëå, îáðà-
çîâàííûé çà ñ÷åò âðàùåíèÿ äèñêà; G3 – ðàñõîä
æèäêîñòè íà âûõîäå èç ðàáî÷åé êàìåðû), ìîæ-
íî íàéòè ãðàäèåíò äàâëåíèÿ âäîëü ðàäèàëüíîé
îñè.

Îêîí÷àòåëüíî ðåøåíèå óðàâíåíèÿ (14)
ìîæíî çàïèñàòü â òàêîì âèäå:

  

 

r 1 33

3 3 2

1 2

3z
V (z, r) z h G G

rh

z
K r 0,067h 0,83z 0,15h z .

h

   


     (15)

Íà ðèñ. 3 ïðåäñòàâëåí îáúåìíûé ãðàôèê äëÿ
ðàäèàëüíîé ñêîðîñòè â äèñêîâîì êàíàëå, ïîëó-
÷åííûé ïî ôîðìóëå (15) ïðè òàêèõ ïàðàìåòðàõ:
h=5 ìì, h=180 Ïàñ; =16 ñ-1; =925 êã/ì3;
R1=10 ìì; R2=150 ìì; G1=810-8 ì3/ñ; G3=
=7,910-8 ì3/ñ.

Ðèñ. 3. Îáúåìíûé ãðàôèê ðàñïðåäåëåíèÿ ðàäèàëüíîé

ñêîðîñòè â äèñêîâîì êàíàëå

Íåìàëîâàæíîå çíà÷åíèå ïðè îïòèìèçàöèè
õàðàêòåðèñòèê ðàáî÷èõ çîí ïðîìûøëåííîãî îáî-
ðóäîâàíèÿ èìååò âîçìîæíîñòü îòûñêàíèÿ äèñ-
ñèïàòèâíûõ ïîòåðü. Çíàÿ ôóíêöèþ äèññèïàöèè,
ìîæíî íàéòè çàòðà÷èâàåìóþ â ðàáî÷åì êàíàëå
ìîùíîñòü. Äëÿ ýòîãî íàéäåííóþ ôóíêöèþ äèñ-
ñèïàöèè íåîáõîäèìî ïðîèíòåãðèðîâàòü ïî âñå-
ìó îáúåìó. Ïðåíåáðåãàÿ âåëè÷èíàìè âûñøåãî
ïîðÿäêà, äëÿ ôóíêöèè äèññèïàöèè ìîæíî çà-
ïèñàòü òàêîå âûðàæåíèå

2

d

r
F (z, r) 2 .

h

   
 

  (16)

Ïîñëå èíòåãðèðîâàíèÿ ôóíêöèè äèññèïà-
öèè çíà÷åíèå ìîùíîñòè â äèñêîâîì çàçîðå ìîæ-
íî íàéòè èç òàêîãî ñîîòíîøåíèÿ

 
2

4 4

d 2 1W 2 R R .
4 h


   


  (17)

Íà ðèñ. 4 ïðåäñòàâëåí îáúåìíûé ãðàôèê äëÿ
ôóíêöèè äèññèïàöèè â äèñêîâîì êàíàëå, ïîëó-
÷åííûé ïî ôîðìóëå (16) ïðè òàêèõ ïàðàìåòðàõ:
h=5 ìì, =180 Ïàñ; =16 ñ-1; =925 êã/ì3;
R1=10 ìì; R2=150 ìì.

Ðèñ. 4. Îáúåìíûé ãðàôèê ðàñïðåäåëåíèÿ ôóíêöèè äèññè-

ïàöèè â äèñêîâîì êàíàëå

Äëÿ ïàðàìåòðîâ, ïðèíÿòûõ ñîãëàñíî ñ
ðèñ. 4, à òàêæå èñõîäÿ èç ôîðìóëû (17), çàòðà-
÷èâàåìàÿ ìîùíîñòü â äèñêîâîì êàíàëå ñîñòà-
âèò Wd=7,33 êÂò.

Âûâîäû

Ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ
ìîäåëèðîâàíèÿ ïðîöåññîâ òå÷åíèÿ æèäêîñòåé â
äèñêîâûõ êàíàëàõ ïðè âðàùåíèè îäíîãî èç äèñ-
êîâ, íà áàçå êîòîðîé ïîñòðîåí ïðîãðàììíûé
áëîê â ïàêåòå MathCAD, ïîçâîëÿþùèé îïòè-
ìèçèðîâàòü ðåæèìû ðàáîòû â ñîîòâåòñòâèè ñî
ñâîéñòâàìè ïåðåðàáàòûâàåìîé ñðåäû è ãåîìåò-
ðè÷åñêèìè õàðàêòåðèñòèêàìè ðàáî÷åé çîíû.
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ÌÀÒÅÌÀÒÈ×ÍÅ ÌÎÄÅËÞÂÀÍÍß ÏÐÎÖÅÑ²Â ÐÓÕÓ
Ð²ÄÊÈÕ ÑÅÐÅÄÎÂÈÙ Â ÐÎÁÎ×ÈÕ ÇÎÍÀÕ
ÓÑÒÀÒÊÓÂÀÍÍß Ç ÄÈÑÊÎÂÈÌÈ ÅËÅÌÅÍÒÀÌÈ

Êóçÿºâ ².Ì., Ìèòðîõ³í Î.À.

Ó äàí³é ðîáîò³ ðîçðîáëåíî ìàòåìàòè÷íó ìîäåëü ðóõó
ð³äêèõ ñåðåäîâèù ó ðîáî÷èõ çîíàõ, óòâîðåíèõ ì³æ äâîìà äèñêà-
ìè, ùî ìàþòü ì³ñöå â áàãàòüîõ òèïàõ ïåðåðîáíîãî óñòàòêó-
âàííÿ, ñåðåä ÿêèõ ìîæíà âèä³ëèòè äèñêîâ³ é ÷åðâ’ÿ÷íî-äèñêîâ³
åêñòðóäåðè äëÿ ïåðåðîáêè ïîë³ìåð³â, à òàêîæ äèñêîâ³ ³ìïóëüñí³
àïàðàòè, âèêîðèñòîâóâàí³ â ñèñòåìàõ îïàëþâàííÿ. Ïðè ðîç-
ðîáö³ ìàòåìàòè÷íî¿ ìîäåë³ âèêîðèñòîâóâàëàñÿ öèë³íäðè÷íà
ñèñòåìà êîîðäèíàò â ïðèïóùåíí³ îñåñèìåòðè÷íîñò³ âçäîâæ
êóòîâî¿ êîîðäèíàòè é íåõòóâàíí³ îñüîâîþ ñêëàäîâîþ øâèä-
êîñò³, ùî äàëî ìîæëèâ³ñòü îòðèìàòè ñèñòåìó äâîõ äèôåðåí-
ö³àëüíèõ ð³âíÿíü â ÷àñòèííèõ ïîõ³äíèõ. Âèêîðèñòàííÿ ð³âíÿííÿ
íåðîçðèâíîñò³ äîçâîëèëî ïåðåòâîðèòè îòðèìàíó ìîäåëü äî ñè-
ñòåìè äâîõ äèôåðåíö³àëüíèõ íåë³í³éíèõ ð³âíÿíü ó çâè÷àéíèõ
ïîõ³äíèõ. Âèð³øåííÿ ðîçðîáëåíî¿ ìàòåìàòè÷íî¿ ìîäåë³ ìîæå
áóòè îòðèìàíî äëÿ äâîõ ðåæèì³â ôóíêö³îíóâàííÿ äèñêîâèõ
ìàøèí, à ñàìå: ïåðøèé – áåçíàï³ðíèé ðóõ; äðóãèé – íàï³ðíèé
ðóõ. Äëÿ ïåðøîãî ðåæèìó ìîæíà íåõòóâàòè ãðàä³ºíòîì òèñêó
âçäîâæ ðàä³àëüíî¿ îñ³, à â ðàç³ äðóãîãî ðåæèìó êîìïîíåíò ð³âíÿí-
íÿ ðóõó ç ãðàä³ºíòîì òèñêó, ùî âèíèêàº âíàñë³äîê ð³çíèöü ïðî-
äóêòèâíîñòåé ÷åðåç âõ³äíèé ³ âèõ³äíèé îòâîðè, íåîáõ³äíî îáî-
â’ÿçêîâî âðàõîâóâàòè. Â³äòâîðåííÿ ìàòåìàòè÷íî¿ ìîäåë³

çä³éñíþâàëîñÿ çà äîïîìîãîþ ïàêåòà MATHCAD ç âèêîðèñòàí-
íÿì îá÷èñëþâàëüíîãî áëîêà Given-Odesolve. Ïðè öüîìó íà ïî-
÷àòêîâîìó åòàï³ ðîçãëÿäàâñÿ ïåðøèé ðåæèì. Ðåçóëüòàòè ðîç-
ðàõóíê³â ïîêàçàëè, ùî äëÿ ðåàëüíèõ ãåîìåòðè÷íèõ ³ òåõíîëîã³-
÷íèõ ïàðàìåòð³â ôóíêö³ÿ êóòîâî¿ ñêëàäîâî¿ øâèäêîñò³ ìàº
ë³í³éíèé õàðàêòåð. Âèêîðèñòàííÿ îñòàííüîãî çàóâàæåííÿ, äàº
ìîæëèâ³ñòü çíà÷íî ñïðîñòèòè ìàòåìàòè÷íó ìîäåëü. Ç âèêî-
ðèñòàííÿì îòðèìàíî¿ ìàòåìàòè÷íî¿ ìîäåë³ âèçíà÷åíî ôóíê-
ö³þ äèñèïàö³¿, ùî õàðàêòåðèçóº ì³æìîëåêóëÿðíó âçàºìîä³þ â
ðîáî÷îìó ñåðåäîâèù³. Ìàþ÷è êàðòèíó ðîçïîä³ëó ôóíêö³¿ äèñè-
ïàö³¿ çà îá’ºìîì ðîáî÷îãî ïðîñòîðó, ðîçðàõîâàíî ïîòóæí³ñòü,
ÿêà âèòðà÷àºòüñÿ íà ïðîñóâàííÿ ïåðåðîáëþâàíî¿ ð³äèíè. Ó ðî-
áîò³ íàâåäåíî âåëèêó ê³ëüê³ñòü ãðàô³ê³â, ÿê³ äîçâîëÿþòü îö³íè-
òè àäåêâàòí³ñòü îòðèìàíèõ ðåçóëüòàò³â ðîçðîáëåí³é ìàòå-
ìàòè÷í³é ìîäåë³.

Êëþ÷îâ³ ñëîâà: ð³âíÿííÿ ðóõó, ð³âíÿííÿ íåðîçðèâíîñò³,
ìàòåìàòè÷íà ìîäåëü, ñèñòåìà äèôåðåíö³àëüíèõ ð³âíÿíü,
ãðàä³ºíò òèñêó, ïàêåò MATHCAD, äèñêîâ³ òà ÷åðâ’ÿ÷íî-
äèñêîâ³ åêñòðóäåðè, äèñêîâ³ ³ìïóëüñí³ àïàðàòè.

MATHEMATICAL MODELING OF THE PROCESS OF
LIQUID MEDIA MOTION IN WORKING AREA OF
ÅQUIPMENT WITH DISK ELEMENTS

Kuzyayev I.M., Mitrokhin O.A.

Ukrainian State University of Chemical Technology, Dnipro,
Ukraine

The paper considers a mathematical model of the process of
liquid media motion in working area, created between two disks,
which occur in many types of processing equipment, among which
we can distinguish disk and screw-disk extruders for polymer
processing, as well as disk impulse devices used in heating systems.
In obtaining the mathematical model, a cylindrical coordinate system
was used assuming axisymmetry along the angular coordinate and
neglecting the axial component of the velocity, which made it possible
to obtain a system of two partial differential equations. The use of
continuity equation made it possible to transform the mathematical
model to a system consisting from two differential nonlinear equations
in ordinary derivatives. The solution for the mathematical model
can be obtained for two working modes of disk machine:  non-
pressure motion and pressure motion. For the first mode, the pressure
gradient along the radial axis can be neglected, and in the case of
the second mode, the components of the equation of motion with the
pressure gradient arising due to differences in performance through
the inlet and outlet openings must be taken into account. The creation
of mathematical model take place with help of MATHCAD package
and its block Given-Odesolve. At the same time, the first mode was
considered at the initial stage. The calculation results showed that
for real geometric and technological parameters, the function of the
angular velocity component is linear. The usage of last remark gives
possibility to simplify the mathematical model. With help of
mathematical model we obtained dissipation function, which describe
intermolecular interaction in working medium. Having a picture of
distribution of the dissipation function over the volume of the working
space, the expended power for the promotion of the processed liquid
is calculated. A large number of graphs are given in the work, which
makes it possible to evaluate the adequacy of the results of the
developed mathematical model.

Keywords: equation of motion, continuity equation, math-
ematical model, system of differential equations, pressure gradi-
ent, MATHCAD, disk and screw-disk extruder, disk impulse
device.
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