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ÃÂÓÇ «Ïðèäíåïðîâñêàÿ ãîñóäàðñòâåííàÿ àêàäåìèÿ ñòðîèòåëüñòâà è àðõèòåêòóðû», ã. Äíåïð, Óêðàèíà

Â ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à ïîèñêà îïòèìàëüíîé òîïîëîãèè ïðîñòðàíñòâåí-

íûõ ôåðìåííûõ ñòðóêòóð. Â ìàòåìàòè÷åñêîì êîíòåêñòå ïðåäëîæåííûé ïîäõîä îáúå-

äèíÿåò çàäà÷ó âûïóêëîé îïòèìèçàöèè ñ äîïîëíèòåëüíûìè íåâûïóêëûìè óñëîâè-

ÿìè è ñâîäèò åå ê ïîëóîïðåäåëåííîé îïòèìèçàöèîííîé çàäà÷å. Öåëüþ ïðåäëîæåí-

íîãî àëãîðèòìà ÿâëÿåòñÿ ìèíèìèçàöèÿ ìàññû ïðîñòðàíñòâåííîé êîíñòðóêöèè â

ñîîòâåòñòâèè ñ òàêèìè íåâûïóêëûìè óñëîâèÿìè, êàê óñëîâèå ïðî÷íîñòè è óñòîé-

÷èâîñòè. Â ïðèíöèïå êîëè÷åñòâî òàêèõ óñëîâèé íå îãðàíè÷èâàåòñÿ. Â îáùåì ñëó-

÷àå ðàññìàòðèâàåìóþ ïðîáëåìó ìîæíî îïðåäåëèòü êàê çàäà÷ó ìíîãîêðèòåðèàëüíîé

îïòèìèçàöèè {Jv,Ju,–J}min, ãäå Jv – ôóíêöèîíàë îáúåìà, Ju – ôóíêöèîíàë æåñò-

êîñòè, J – ôóíêöèîíàë ïðî÷íîñòè. Äëÿ ïîèñêà îïòèìàëüíîé òîïîëîãèè ñòåðæíå-

âîé ñèñòåìû ñ îïòèìàëüíûì çíà÷åíèåì ôóíêöèîíàëà Ju â ðàáîòå èñïîëüçóåòñÿ ìî-

äèôèöèðîâàííàÿ çàäà÷à ïîëóîïðåäåëåííîé îïòèìèçàöèè (SDP). Ãèïîòåçà, ïîëî-

æåííàÿ â îñíîâó ðàññìàòðèâàåìîãî ïîäõîäà, ñîñòîèò â òîì, ÷òî ìèíèìèçàöèÿ ýíåðãèè

óïðóãîé äåôîðìàöèè ñòåðæíåâîé ñèñòåìû ïðèâîäèò ê ãåîìåòðè÷åñêè íåèçìåíÿå-

ìîé ñõåìå ñ îïòèìàëüíûì ñîîòíîøåíèåì ìåæäó îáúåìàìè ñòåðæíåé. Ðåøåíèå

ïîëóîïðåäåëåííîé çàäà÷è îïòèìèçàöèè òîïîëîãèè ñòåðæíåâîé ñèñòåìû çàäàåò ñî-

îòíîøåíèå ìåæäó îáúåìàìè ñòåðæíåé v1:v2:...:vm. Îáúåì êàæäîãî ñòåðæíÿ ìîæíî

âû÷èñëèòü êàê ti=Vvi, ãäå èíòåãðàëüíûé ïàðàìåòð V, îïðåäåëÿþùèé çíà÷åíèå ôóí-

êöèîíàëà Jv, ìîæíî ïîëó÷èòü èç äîïîëíèòåëüíûõ óñëîâèé ïðî÷íîñòè è óñòîé÷èâî-

ñòè. Óñëîâèå ïðî÷íîñòè çàïèñûâàåòñÿ â ñîîòâåòñòâèè ñ ÄÁÍ Â.2.6-198:2014, à êðè-

òåðèé óñòîé÷èâîñòè ïðèíèìàåòñÿ â âèäå detK>0, ãäå K – êàñàòåëüíàÿ ìàòðèöà

æåñòêîñòè ñòåðæíåâîé ñèñòåìû. Äëÿ èëëþñòðàöèè ðàáîòû ïðåäëîæåííîãî ïîäõîäà

ðåøåíà çàäà÷à îïòèìèçàöèè òîïîëîãèè ñòðóêòóðíîé ïëèòû ñ ðàçìåðàìè 9 ì8 ì2 ì
è ðàçëè÷íûìè âàðèàíòàìè ðàñïîëîæåíèÿ îïîð.
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Ïîñòàíîâêà ïðîáëåìû
Ýôôåêòèâíîñòü ïðîñòðàíñòâåííûõ ñòåðæ-

íåâûõ ñèñòåì, êîòîðûå íàøëè øèðîêîå ïðèìå-
íåíèå â ïðîìûøëåííîì, ãðàæäàíñêîì è âîåí-
íîì ñòðîèòåëüñòâå, â çíà÷èòåëüíîé ìåðå çàâè-
ñèò îò ïðàâèëüíî âûáðàííîé êîíñòðóêòèâíîé
ñõåìû, èëè – â îáùåì ñëó÷àå – òîïîëîãèè. Â
ñâîþ î÷åðåäü, çàäà÷à îïðåäåëåíèÿ ðàöèîíàëü-
íîé òîïîëîãèè ïðîñòðàíñòâåííîé ñèñòåìû íå-
ðàçðûâíî ñâÿçàíà ñ ïðîáëåìîé ñíèæåíèÿ ìàòå-
ðèàëîåìêîñòè è îáåñïå÷åíèÿ íàäåæíîñòè ôóí-
êöèîíèðîâàíèÿ êîíñòðóêöèè. Çà÷àñòóþ ðåøèòü
òàêóþ çàäà÷ó î÷åíü ñëîæíî, ïîýòîìó îáû÷íî

ïðèõîäèòñÿ ðàññìàòðèâàòü ìíîæåñòâî âîçìîæ-
íûõ âàðèàíòîâ. Ïðè ýòîì äàëåêî íå ôàêò, ÷òî
ñðåäè ðàññìîòðåííûõ îêàæåòñÿ òàêîé âàðèàíò,
êîòîðûé îáåñïå÷èâàåò ìèíèìóì ðàñõîäà ìàòå-
ðèàëà. Îòñþäà ñëåäóåò, ÷òî âî âñåõ òàêèõ ñëó÷à-
ÿõ àêòóàëüíûìè ñòàíîâÿòñÿ îïòèìèçàöèîííûå
àëãîðèòìû, ïîçâîëÿþùèå ðåøàòü ïîäîáíûå çà-
äà÷è â áîëåå ñòðîãîé ïîñòàíîâêå.

Àíàëèç ïîñëåäíèõ èññëåäîâàíèé è ïóáëèêàöèé
Îáû÷íî ðàáîòû, ñóùåñòâóþùèå â îáëàñòè

îïòèìàëüíîãî ïðîåêòèðîâàíèÿ, ëèáî èññëåäóþò
ñóãóáî ìàòåìàòè÷åñêóþ ñòîðîíó âîïðîñà, èëè
îãðàíè÷èâàþòñÿ ðåøåíèåì èíæåíåðíûõ ïðè-
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êëàäíûõ çàäà÷. Ê ïåðâîé ãðóïïå ìîæíî îòíåñòè
ðàáîòû Í.Â. Áàíè÷óêà [1], Ò. Òàêàäû [2], À. Áåí-
Òàëÿ [3]. Òàê, â [1] àíàëèòè÷åñêè ðåøàåòñÿ çàäà-
÷à îïòèìàëüíîãî ïðîåêòèðîâàíèÿ â âèäå ôóíê-
öèîíàëîâ. Â [2] àâòîð ðàññìàòðèâàåò çàäà÷ó îï-
òèìèçàöèè òîïîëîãèè ñ ïîçèöèé ëèíåéíîãî ïðî-
ãðàììèðîâàíèÿ, à â ðàáîòå [3] ïðîâîäèòñÿ àíà-
ëèç è îáîñíîâàíèå ïðîáëåìû îïòèìèçàöèè ñòåð-
æíåâûõ ñèñòåì, êîòîðàÿ ïðåäñòàâëåíà êàê çàäà-
÷à ïîëóîïðåäåëåííîãî ïðîãðàììèðîâàíèÿ.

Èç âòîðîé ãðóïïû ìîæíî âûäåëèòü ðàáîòû
Â.Á. Ãðèíåâà [4], À.Â. Ïåðåëüìóòåðà, Â.À. Ïåð-
ìÿêîâà [5], Â.Â. Òðîôèìîâè÷à [6], Ñ.Ô. Ïè÷óãè-
íà [7]. Â [4] àâòîð, íàïðèìåð, ðàññìàòðèâàåò
îïòèìèçàöèþ ýëåìåíòîâ êîíñòðóêöèé ïî ñïåê-
òðó ñîáñòâåííûõ ÷àñòîò. Â [5] àâòîðû ïðèâîäÿò
ïðàêòè÷åñêèå ìåòîäû ðåøåíèÿ íåêîòîðûõ îï-
òèìèçàöèîííûõ çàäà÷. Â [6] ñðåäè ïðî÷åãî ðàñ-
ñìàòðèâàåòñÿ îïòèìèçàöèÿ ïðåäâàðèòåëüíî íà-
ïðÿæåííûõ ìåòàëëè÷åñêèõ êîíñòðóêöèé, à â [7]
èñïîëüçóåòñÿ âåðîÿòíîñòíûå ìåòîäû äëÿ ïîäáî-
ðà ïàðàìåòðîâ ýëåìåíòîâ ñòàëüíûõ êîíñòðóêöèé.

Ôîðìóëèðîâàíèå öåëè èññëåäîâàíèÿ
Â óêàçàííûõ âûøå ðàáîòàõ ìîæíî îòìåòèòü

ñëåäóþùèå îñîáåííîñòè: îáùèå îïòèìèçàöèîí-
íûå ìåòîäû ìàëîïðèìåíèìû äëÿ ðåøåíèÿ ðå-
àëüíûõ òåõíè÷åñêèõ çàäà÷, à èíæåíåðíûå ïîä-
õîäû îáû÷íî íå îáåñïå÷èâàþò îïòèìàëüíîñòü.
Â áîëüøèíñòâå ñëó÷àåâ ýòî ñâîäèò íà íåò âñå
óñèëèÿ ïî îïðåäåëåíèþ ýôôåêòèâíîé êîíñòðóê-
òèâíîé ñõåìû.

Â ðàáîòå ïðåäëàãàåòñÿ àëãîðèòì îïòèìèçà-
öèè òîïîëîãèè ïðîñòðàíñòâåííûõ ñòåðæíåâûõ
ñèñòåì, êîòîðûé ïîçâîëÿåò ñîâìåñòèòü ìàòåìà-
òè÷åñêèé îïòèìèçàöèîííûé ïîäõîä ñ èíæåíåð-
íûìè êðèòåðèÿìè, â ÷àñòíîñòè ñ íîðìàòèâíû-
ìè òðåáîâàíèÿìè ê ïðî÷íîñòè è óñòîé÷èâîñòè.
Öåëü îïòèìèçàöèîííîãî àëãîðèòìà – ìèíèìè-
çàöèÿ ìàòåðèàëîåìêîñòè ïðè îáåñïå÷åíèè âû-
ïîëíåíèÿ íîðìàòèâíûõ òðåáîâàíèé. Èçâåñò-
íî [8], ÷òî çàòðàòû íà ìàòåðèàëû ìîãóò äîñòè-
ãàòü 60–70% îáùåé ñòîèìîñòè êîíñòðóêöèè èç
ìåòàëëà, ïîýòîìó ðåøåíèå òàêîé çàäà÷è ÿâëÿåò-
ñÿ âåñüìà àêòóàëüíîé ïðîáëåìîé.

Èçëîæåíèå îñíîâíîãî ìàòåðèàëà
Ðàññìàòðèâàÿ ïðîòîòèï êîíñòðóêöèè êàê

ïîëíûé ãðàô (ðèñ. 1), êîëè÷åñòâî âåðøèí â êî-
òîðîì n=Y, à êîëè÷åñòâî ðåáåð m=E, ââå-
äåì ñëåäóþùèå îáîçíà÷åíèÿ: fRm, ERm, LRm,
vRm – ñîîòâåòñòâåííî îñåâûå ñèëû, âîçíèêà-
þùèå â ñòåðæíÿõ, ìîäóëè Þíãà, äëèíû è îáúå-
ìû ñòåðæíåé; AR3nm  – ìàòðèöà óðàâíåíèé ðàâ-
íîâåñèÿ ñèñòåìû, T

ia – åå ñòîëáåö; KR3n3n –
ìàòðèöà æåñòêîñòè ñèñòåìû; FR3n – âíåøíèå

ñèëû, ïðèëîæåííûå ê óçëàì êîíñòðóêöèè; uR3n

– ïåðåìåùåíèÿ óçëîâ.

Ðèñ. 1. Ïðèìåð ïîëíîãî ãðàôà-ïðîòîòèïà àðî÷íîé ôåðìû

Åñëè ñèñòåìà íàõîäèòñÿ â ðàâíîâåñèè, òî
óðàâíåíèå áàëàíñà ñèë ìîæíî çàïèñàòü òàê:

Af+F=0.  (1)

À îñåâûå ñèëû, âîçíèêàþùèå â ñòåðæíÿõ,
êîòîðûå ïîä÷èíÿþòñÿ êëàññè÷åñêîé òåîðèè Ýé-
ëåðà-Áåðíóëëè, îïèñûâàþòñÿ óðàâíåíèåì:

Ti i
i i2

i

E v
f a u

L


 .  (2)

Ïåðåìåùåíèÿ óçëîâ ñâÿçàíû ñ äåéñòâèåì
âíåøíèõ ñèë ñëåäóþùèì ðàâåíñòâîì:

K u=F,  (3)

ãäå ìàòðèöó æåñòêîñòè ìîæíî ïðåäñòàâèòü êàê:

m
Ti i

i i2
i 1 i

E v
K a a .

L

   (4)

Ðàáîòó âíåøíèõ ñèë (à çíà÷èò – è ýíåðãèþ
óïðóãîé äåôîðìàöèè êîíñòðóêöèè), ñâÿçàííóþ
ñ ïåðåìåùåíèåì óçëîâ ñèñòåìû, ìîæíî âûðà-
çèòü òàê:

T1
W F u.

2
   (5)

Â èòîãå ïîëó÷àåòñÿ, ÷òî äëÿ ðåøåíèÿ îïòè-
ìèçàöèîííîé çàäà÷è íåîáõîäèìî ìèíèìèçèðî-

âàòü äâå âåëè÷èíû: W è 


m

1i
iv , à çàäà÷à îïòèìè-

çàöèè òîïîëîãèè ñòåðæíåâûõ êîíñòðóêöèé ìî-
æåò áûòü  ïðåäñòàâëåíà â ñëåäóþùåì âèäå:
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u,v

m

i

i=1

m

0

minimize W :

Ku = F;

v V;

v R .





   

(6)

Íî òàêàÿ çàäà÷à íå ÿâëÿåòñÿ âûïóêëîé, ïî-
ýòîìó åå íåîáõîäèìî ïðåîáðàçîâàòü, ó÷èòûâàÿ
ñîîòíîøåíèÿ (1)–(5). Ïðè ýòîì âûáåðåì òàêîé
åå âèä, êîòîðûé áû ñîîòâåòñòâîâàë çàäà÷å ïîëó-
îïðåäåëåííîé îïòèìèçàöèè [3], òàê êàê èìåííî
äëÿ òàêîãî êëàññà ïðîáëåì ðàçðàáîòàíî íàèáî-
ëåå ïðîèçâîäèòåëüíîå ïðèêëàäíîå ïðîãðàììíîå
îáåñïå÷åíèå (solvers). Ìîæíî ïîêàçàòü, ÷òî äëÿ
ïîëîæèòåëüíî ïîëóîïðåäåëåííîé ìàòðèöû:

TF
0

F K

 
 

 
  

(7)

ñóùåñòâóåò òàêîé âåêòîð u, êîòîðûé ïîçâîëèò
çàïèñàòü ýêâèâàëåíòíóþ ñèñòåìó:

Ku F;

K 0;

W.


 
 

  
(8)

Áîëåå òîãî, ìîæíî ïîêàçàòü, ÷òî â ñèñòåìå
ñ îïòèìàëüíîé òîïîëîãèåé ñîîòíîøåíèå
v1:v2:...:vm íå çàâèñèò îò âåëè÷èíû V, ïîýòîìó

ñóììó 


m

1i
iv  ñâåðõó ìîæíî îãðàíè÷èòü 1, ÷òî ïî-

çâîëÿåò ñóùåñòâåííî óñêîðèòü îáùåå ðåøåíèå
çàäà÷è. Ñ ó÷åòîì âûøåïåðå÷èñëåííîãî, çàäà÷ó
(6) ìîæíî ïåðåîïðåäåëèòü ê âèäó:

,v

m

i

i 1

i

T

m
Ti i

i i2
i 1 i

minimize :

v 1;

v 0 i 1...m;

F

0.E v
F a a

L











  

 
   
 
 





  

(9)

Â òàêîì âèäå îïòèìèçàöèîííàÿ çàäà÷à ñòà-
íîâèòñÿ âûïóêëîé. Â ðåçóëüòàòå åå ðåøåíèÿ îï-
ðåäåëÿåòñÿ îïòèìàëüíàÿ òîïîëîãèÿ êîíñòðóêöèè
è ñîîòíîøåíèÿ ìåæäó îáúåìàìè ñòåðæíåé. Ñëå-
äóþùèé øàã ñîñòîèò â ïîäáîðå òàêîãî ìèíè-
ìàëüíîãî îáúåìà ìàòåðèàëà V (è ñîîòâåòñòâåí-
íî ïëîùàäåé ñå÷åíèé), ïðè êîòîðîì âûïîëíÿ-
ëèñü áû óñëîâèÿ ïðî÷íîñòè è îáùåé óñòîé÷è-
âîñòè ñèñòåìû [9]. Óñëîâèå ïðî÷íîñòè ìîæåò
áûòü çàïèñàíî â âèäå:

i i

i

f L
R,i 1...m

Vv
   ,  (10)

ãäå  – êîýôôèöèåíò óñëîâèé ðàáîòû, R – ðàñ-
÷åòíîå ñîïðîòèâëåíèå ìàòåðèàëà. Îáùàÿ óñòîé-
÷èâîñòü ñèñòåìû îïðåäåëÿåòñÿ êðèòåðèåì:

detK >0,  (11)

ãäå K – ãëîáàëüíàÿ êàñàòåëüíàÿ ìàòðèöà ñòåð-
æíåâîé ñèñòåìû. Îáúåì êàæäîãî ñòåðæíÿ îïðå-
äåëÿåòñÿ èç ñîîòíîøåíèÿ ti=viV.

Ðèñ. 2. Áëîê-ñõåìà ðåøåíèÿ îïòèìèçàöèîííîé çàäà÷è
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Íà çàêëþ÷èòåëüíîì ýòàïå ïîëó÷åííàÿ ìî-
äåëü ïðîâåðÿåòñÿ â ïðîãðàììíîì êîìïëåêñå
ANSYS. Â öåëîì, ðåøåíèå îïòèìèçàöèîííîé
çàäà÷è ìîæíî ïðåäñòàâèòü áëîê-ñõåìîé, ïðèâå-
äåííîé íà ðèñ. 2.

Ðàññìîòðèì ïðîñòðàíñòâåííóþ ñòåðæíåâóþ
ñèñòåìó [10] ñ ãåíåðàëüíûìè ðàçìåðàìè
9 ì8 ì2 ì. Óçëû è ïîëíûé ãðàô ñèñòåìû èçîá-
ðàæåíû íà ðèñ. 3. Ê óçëàì íèæíåãî ïîÿñà 1-20
ïðèëîæåíà ðàñïðåäåëåííàÿ íàãðóçêà g=10 êÍ/ì2.

Ïðîâåäåì ÷èñëåííûé ýêñïåðèìåíò è âû-
ÿñíèì, êàê áóäåò ìåíÿòüñÿ îïòèìàëüíàÿ òîïî-
ëîãèÿ ïëèòû è åå ìàññà ïðè ñëåäóþùèõ ðàñïî-
ëîæåíèÿõ øàðíèðíî-íåïîäâèæíûõ îïîð: à) ïî
óãëàì â óçëàõ 1, 4, 17, 20; á) â óçëàõ 1, 4, 9, 12,
17, 20; â) â óçëàõ 1, 4, 10, 11, 17, 20.

Ìîäóëü Þíãà ïðèíèìàëñÿ ðàâíûì 21011 Ïà,
ðàñ÷åòíîå ñîïðîòèâëåíèå ìàòåðèàëà – 2,1108 Ïà,
êîýôôèöèåíò óñëîâèé ðàáîòû 0,9. Ïðè ïðîâåð-
êå êîíñòðóêöèè íà óñòîé÷èâîñòü äëÿ ïîñòðî-
åíèÿ êàñàòåëüíîé ìàòðèöû æåñòêîñòè ñèñòåìû
K ïëîñêèå ìîìåíòû èíåðöèè ñå÷åíèé îïðåäå-
ëÿëèñü ñîãëàñíî [11]. Ïðîâåäåííîå ìîäåëèðîâà-
íèå ïîçâîëèëî âûÿâèòü îïòèìàëüíûå òîïîëîãè-
÷åñêèå ñõåìû êîíñòðóêöèé (ðèñ. 4). Ïðè ýòîì
ìàññû ïðîñòðàíñòâåííûõ ñòåðæíåâûõ ñèñòåì äëÿ
òðåõ âàðèàíòîâ ðàçìåùåíèÿ îïîð ñîñòàâèëè ñî-
îòâåòñòâåííî 702 êã, 563 êã, 362 êã.

Ìîæíî îòìåòèòü, ÷òî ïðè óâåëè÷åíèè ÷èñ-
ëà îïîð óìåíüøàåòñÿ êàê ìàññà ñòåðæíåâîé ñè-
ñòåìû, òàê è êîëè÷åñòâî åå ñòåðæíåé, à ðàçìå-
ùåíèå äîïîëíèòåëüíûõ îïîð â öåíòðå êîíñòðóê-

Ðèñ. 3. Óçëû è ïîëíûé ãðàô ñòðóêòóðíîé ïëèòû

Ðèñ. 4. Îïòèìàëüíûå òîïîëîãèè ïðè ðàçëè÷íûõ âàðèàíòàõ ðàñïîëîæåíèÿ îïîð
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öèè ÿâëÿåòñÿ áîëåå ýôôåêòèâíûì, íåæåëè ðàñ-
ïîëîæåíèå îïîð òîëüêî ïî ïåðèìåòðó.

Âûâîäû
Ïðèâåäåííàÿ ìîäèôèöèðîâàííàÿ ôîðìà

ïîëóîïðåäåëåííîé çàäà÷è îïòèìèçàöèè òîïîëî-
ãèè ñòåðæíåâîé ñèñòåìû ïîçâîëÿåò èíòåãðèðî-
âàòü îïòèìèçàöèîííóþ çàäà÷ó ñ îñíîâíûìè èí-
æåíåðíûìè êðèòåðèÿìè è çà ñ÷åò ýòîãî ñóùå-
ñòâåííî ñîêðàòèòü îáúåì âû÷èñëåíèé ïðè ðå-
øåíèè ñëîæíûõ ïðîñòðàíñòâåííûõ ñèñòåì.
Ïðåäëîæåííàÿ îáîáùåííàÿ ñõåìà ðåøåíèÿ îï-
òèìèçàöèîííîé çàäà÷è îáúåäèíÿåò ìàòåìàòè÷åñ-
êèé è èíæåíåðíûé ïîäõîäû ê îïòèìàëüíîìó
ïðîåêòèðîâàíèþ ïðîñòðàíñòâåííûõ ñòåðæíåâûõ
ñèñòåì.
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ÏÎØÓÊ ÅÔÅÊÒÈÂÍÎ¯ ÒÎÏÎËÎÃ²¯ ÑÒÐÓÊÒÓÐÍÈÕ
ÊÎÍÑÒÐÓÊÖ²É ÍÀ ÎÑÍÎÂ² ÍÀÏ²ÂÂÈÇÍÀ×ÅÍÎ¯
ÎÏÒÈÌ²ÇÀÖ²¯

ªãîðîâ ª.À., Êó÷åðåíêî Î.ª.

Ó ñòàòò³ ðîçãëÿäàºòüñÿ çàäà÷à ïîøóêó îïòèìàëüíî¿
òîïîëîã³¿ ïðîñòîðîâèõ ñòðóêòóð. Ó ìàòåìàòè÷íîìó êîíòåêñò³
çàïðîïîíîâàíèé ï³äõ³ä îá’ºäíóº çàäà÷ó îïóêëî¿ îïòèì³çàö³¿ ç
äîäàòêîâèìè íåîïóêëèìè óìîâàìè òà çâîäèòü ¿¿ äî íàï³ââèç-
íà÷åíî¿ îïòèì³çàö³éíî¿ çàäà÷³. Ìåòîþ çàïðîïîíîâàíîãî àëãî-
ðèòìó º ì³í³ì³çàö³ÿ ìàñè ïðîñòîðîâî¿ êîíñòðóêö³¿ â³äïîâ³äíî
äî òàêèõ íåîïóêëèõ óìîâ, ÿê óìîâà ì³öíîñò³ ³ ñò³éêîñò³. Ïðèí-
öèïîâî ê³ëüê³ñòü òàêèõ óìîâ íåîáìåæåíà. Ó çàãàëüíîìó âèïàä-
êó ïðîáëåìó, ÿêà ðîçãëÿäàºòüñÿ, ìîæíà âèçíà÷èòè ÿê çàäà÷ó
áàãàòîêðèòåð³àëüíî¿ îïòèì³çàö³¿ {Jv,Ju,–J}min, äå Jv –
ôóíêö³îíàë îá’ºìó, Ju – ôóíêö³îíàë æîðñòêîñò³, J – ôóíêö³-
îíàë ì³öíîñò³. Äëÿ ïîøóêó îïòèìàëüíî¿ òîïîëîã³¿ ñòðèæíåâî¿
ñèñòåìè ç îïòèìàëüíèì çíà÷åííÿì ôóíêö³îíàëó æîðñòêîñò³
Ju â ðîáîò³ âèêîðèñòîâóºòüñÿ ìîäèô³êîâàíà çàäà÷à íàï³ââèç-
íà÷åíî¿ îïòèì³çàö³¿ (SDP). Ã³ïîòåçà, ùî ïîêëàäåíà â îñíîâó
çàïðîïîíîâàíîãî ï³äõîäó, ïîëÿãàº â òîìó, ùî ì³í³ì³çàö³ÿ åíåðã³¿
ïðóæíî¿ äåôîðìàö³¿ ñòðèæíåâî¿ ñèñòåìè ïðèçâîäèòü äî ãå-
îìåòðè÷íî íåçì³ííî¿ ñõåìè ç îïòèìàëüíèì ñï³ââ³äíîøåííÿì ì³æ
îá’ºìàìè ñòðèæí³â. Ðîçâ’ÿçîê íàï³ââèçíà÷åíî¿ çàäà÷³ îïòèì³-
çàö³¿ òîïîëîã³¿ ñòðèæíåâî¿ ñèñòåìè çàäàº ñï³ââ³äíîøåííÿ ì³æ
îá’ºìàìè ñòðèæí³â v1: v2: ...: vm. Îá’ºì êîæíîãî ñòðèæíÿ ìîæíà
îá÷èñëèòè ÿê ti=Vvi, äå ³íòåãðàëüíèé ïàðàìåòð V, ÿêèé âèçíà-
÷àº çíà÷åííÿ ôóíêö³îíàëó îá’ºìó Jv, ìîæíà îòðèìàòè ç äî-
äàòêîâèõ óìîâ ì³öíîñò³ ³ ñò³éêîñò³. Óìîâà ì³öíîñò³ çàïèñóºòü-
ñÿ â³äïîâ³äíî äî ÄÁÍ Â.2.6-198:2014, à êðèòåð³é ñò³éêîñò³
ïðèéìàºòüñÿ ó âèãëÿä³ det K>0, äå K – äîòè÷íà ìàòðèöÿ
æîðñòêîñò³ ñòåðæíåâî¿ ñèñòåìè. Äëÿ ³ëþñòðàö³¿ ðîáîòè çà-
ïðîïîíîâàíîãî ï³äõîäó ðîçâ’ÿçàíà çàäà÷à îïòèì³çàö³¿ òîïîëîã³¿
ñòðóêòóðíî¿ ïëèòè ç ðîçì³ðàìè 9 ì8 ì2 ì ³ ð³çíèìè âàð³àí-
òàìè ðîçòàøóâàííÿ îïîð.

Êëþ÷îâ³ ñëîâà: òîïîëîã³ÿ, îïòèì³çàö³ÿ, ñòðèæíåâà
ñèñòåìà, ñòðóêòóðíà ïëèòà, ìîìåíò ³íåðö³¿, êóñêîâî-ë³í³éíà
àïðîêñèìàö³ÿ, ñò³éê³ñòü.



Egorov E.A., Kucherenko A.E.

14 ISSN 2521-6406, Computer Modeling: Analysis, Control, Optimization, 2019, No. 1, pp. 9-14

FINDING OF EFFECTIVE TOPOLOGY OF SPACE
STRUCTURES USING SEMIDEFINITE PROGRAMMING

Egorov E.A., Kucherenko A.E.

Prydniprovska State Academy of Civil Engineering and Architec-
ture, Dnipro, Ukraine

The paper considers the problem of topology optimization of
space truss-like structures. The proposed algorithm combines convex
optimization problem with non-convex conditions. The purpose of
the algorithm is to minimize the mass of a spatial structure according
to such non-convex conditions as structural safety requirement and
buckling. Basically, there are no limitations in number of these
conditions (convex or non-convex). In general, the problem can be
specified as a multicriteria optimization task in following form:
{Jv,Ju,–J}  min, where Jv is a functional of volume, Ju is a functional
of stiffness, Jis a functional of strength. The stiffness functional Ju

can be defined by means of nodes displacements and energy of a
system (compliance). Here to find an optimal truss topology with
minimal compliance we use the modified semidefinite optimization
problem (SDP), which can be obtained after certain transformations
of the non-convex truss topology optimization task. The basic
hypothesis is that truss compliance minimization leads to an invariable
topology of the truss-like structure with optimal ratio of volumes of
truss members. Solution of the semidefinite optimization problem
defines the ratio of  beams volumes v1:v2:...:vm. A volume of each
member can be calculated as ti=V’vi where the parameter V, which
defines the value of the integral functional Jv, can be obtained from
additional conditions such as strength and buckling. The next
important step is approximation of geometric characteristics of cross-
sections. We need to calculate area moments of inertia to assemble
the stiffness matrix of a structure. This matrix plays a key role in
defining of buckling conditions. For simple cross-sections such as
«solid circular», «square» calculation of moments of inertia is a
trivial problem solved via well-known formulas. For complex cross-
sections the dependence of moments of inertia on area is not so
simple and may be considered as an ill-posed problem. The condition
of strength is recorded in accordance with DBN V.2.6-198:2014,
and the buckling condition is determined using the tangent stiffness
matrix of a structure as follows: det K>0. To illustrate the proposed
approach, the problem of topology optimization of a space structure
with sides 9 m8 m2 m and different positions of supports has been
solved.

Keywords: topology, optimization, truss, space structure,
moment of inertia, piecewise linear approximation, buckling.

REFERENCES

1. Banichuk N.V. Vvedenie v optimizaciju konstrukcij [In-
troduction to Structural Optimization]. M: Nauka, 1986, 303 p.
(in Russian).

2. Takada T. Multiobjective optimization of truss topology
by linear/sequential linear programming method. Journal of
Mechanical Engineering and Automation, 2012, vol. 2, pp.585-
593.

3. Ben-Tal A., Nemirovski A. Robust truss topology de-
sign via semidefinite programming. SIAM Journal on optimiza-
tion, 1997, vol. 7, no. 4, pp.991-1016.

4. Grinev V.B. Optimizacija jelementov konstrukcii po me-

hanicheskim harakteristikam [Optimization of structural elements
by mechanical characteristics]. Kyiv: Naukovadumka, 1975, 294 p.
(in Russian).

5. Permjakov V.A., Perelmuter A.V., Jurchenko V.V. Op-

timalnoe proektirovanie stalnyh sterzhnevyh konstrukcij [Optimal
design of steel trusses]. Kyiv: Stal, 2008, 538 p. (in Russian).

6. Trofimovich V.V., Permjakov V.A. Optimizacija metalli-

cheskih konstrukcij (Optimization of metal structures). Kyiv : Vish-
ha shk., 1983, 199 p. (in Russian).

7. Pichugin S.F., Mahinko A.V. K veroyatnostnym me-
todam raschyota metallokonstrukcij [About probabilistic meth-
ods for calculating of metal structures] // Suchasni budivelni
konstrukciyi z metalu i derevini: Zb. nauk. pr. – ODABA, 2005.
– S. 161–171. (in Russian).

8. Kudishin Yu.I., Belenya E.I., Ignateva V.S. Metalli-
cheskie konstrukcii [Metal structures]. – M.: Izdatelskij centr
«Akademiya», 2011. – 688 p. (in Russian).

9. DBN V.2.6-198:2014. Stalev³ konstrukc³¿. Normi proek-

tuvannja [Steel structures. Design standards]. Kyiv: M³nreg³on
Ukrainy, 2014, 199 p. (in Russian).

10. Nikitjuk A.V., Moskovkina A.A., Zueva I.I. Dostoinst-

va i nedostatki strukturnyh konstrukcij [Advantages and disadvan-
tages of structural constructions]. Vestnik PNIPU. Stroitelstvo i
arhitektura, 2011, no. 1, pp.99-104 (in Russian).

11. Kucherenko A.E. Approxmation of area moment of inertia

for optimal section geometry. System Technologies, 2016, Issue 5(106),

pp.54-60.


