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Â íàøå âðåìÿ êîìïîçèöèîííûå, â òîì ÷èñëå òðåõñëîéíûå, ýëåìåíòû êîíñòðóêöèé

íàøëè øèðîêîå ïðèìåíåíèå â ñòðîèòåëüñòâå è ìàøèíîñòðîåíèè. Ýòî âûçûâàåò

íåîáõîäèìîñòü ñîçäàíèÿ ñîîòâåòñòâóþùèõ ìàòåìàòè÷åñêèõ ìîäåëåé è ìåòîäîâ ðàñ-

÷åòà èõ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ïðè ðàçëè÷íûõ óñëîâèÿõ ýêñ-

ïëóàòàöèè. Çäåñü ïðèâåäåíà ïîñòàíîâêà êðàåâîé çàäà÷è îá îñåñèììåòðè÷íîì äå-

ôîðìèðîâàíèè óïðóãîé òð¸õñëîéíîé êðóãîâîé ïëàñòèíû íà ñëîæíîì îñíîâàíèè

ìîäåëè Ïàñòåðíàêà, ÷òî ïîçâîëÿåò ó÷èòûâàòü âëèÿíèå ñäâèãîâûõ ñâîéñòâ ìàòåðè-

àëà îñíîâàíèÿ íà íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå èññëåäóåìîé êîíñòðóê-

öèè. Äëÿ îïèñàíèÿ êèíåìàòèêè íåñèììåòðè÷íîãî ïî òîëùèíå ïàêåòà ïëàñòèíû

ïðèíÿòû ãèïîòåçû ëîìàíîé ëèíèè. Â òîíêèõ íåñóùèõ ñëîÿõ ñïðàâåäëèâû ãèïîòåçû

Êèðõãîôà. Â íåñæèìàåìîì ïî òîëùèíå ëåãêîì çàïîëíèòåëå âûïîëíÿåòñÿ ãèïîòåçà

Òèìîøåíêî ñ ëèíåéíîé àïïðîêñèìàöèåé ïåðåìåùåíèé ïî òîëùèíå ñëîÿ. Íà êîí-

òóðå ïðåäïîëàãàåòñÿ íàëè÷èå æåñòêîé äèàôðàãìû, ïðåïÿòñòâóþùåé îòíîñèòåëüíî-

ìó ñäâèãó ñëîåâ. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ ïîëó÷åíà âà-

ðèàöèîííûì ìåòîäîì. Ðàáîòà òàíãåíöèàëüíûõ íàïðÿæåíèé â çàïîëíèòåëå íå ó÷è-

òûâàëàñü. Ðåøåíèå êðàåâîé çàäà÷è ñâåäåíî ê íàõîæäåíèþ òðåõ èñêîìûõ ôóíêöèé

– ïðîãèáà ïëàñòèíû, îòíîñèòåëüíîãî ñäâèãà è ðàäèàëüíîãî ïåðåìåùåíèÿ â çàïîë-

íèòåëå. Ïîëó÷åíî îáùåå àíàëèòè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è â ôóíêöèÿõ Áåñ-

ñåëÿ. ×èñëåííî èññëåäîâàíî âëèÿíèå ñäâèãîâûõ ñâîéñòâ îñíîâàíèÿ íà íàïðÿæåí-

íîå ñîñòîÿíèå ïëàñòèíû ïðè ðàçëè÷íûõ êîýôôèöèåíòàõ ñæàòèÿ è ñäâèãà îñíîâà-

íèÿ. Ïðîâåäåíî ñðàâíåíèå ðàñ÷åòíûõ çíà÷åíèé ïåðåìåùåíèé è íàïðÿæåíèé, ïî-

ëó÷åííûõ ñ èñïîëüçîâàíèåì ìîäåëåé Ïàñòåðíàêà è Âèíêëåðà. Ïîêàçàíî, ÷òî ó÷åò

ñäâèãîâûõ ñâîéñòâ ìàòåðèàëà îñíîâàíèÿ ïðèâîäèò ê óìåíüøåíèþ ðàñ÷åòíûõ ïàðà-

ìåòðîâ.

Êëþ÷åâûå ñëîâà: îñåñèììåòðè÷íûé èçãèá, òðåõñëîéíàÿ êðóãîâàÿ ïëàñòèíà, êîýô-

ôèöèåíòû ñæàòèÿ è ñäâèãà îñíîâàíèÿ, îñíîâàíèå Ïàñòåðíàêà.
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Àíàëèç ïîñëåäíèõ èññëåäîâàíèé è ïóáëèêàöèé

Â ìîíîãðàôèÿõ [1–4] ðàññìàòðèâàþòñÿ ðàç-
ëè÷íûå ìàòåìàòè÷åñêèå ìîäåëè ñòàòè÷åñêîãî è
äèíàìè÷åñêîãî äåôîðìèðîâàíèÿ íåîäíîðîäíûõ
ýëåìåíòîâ êîíñòðóêöèé, ïðèâåäåíû ïîñòàíîâ-
êè êðàåâûõ çàäà÷, èçëîæåíû ìåòîäû èõ ðàñ÷åòà.
Â ñòàòüÿõ [5–9] èññëåäîâàíî: äèíàìè÷åñêîå íà-
ãðóæåíèå êîìïîçèòíûõ ñýíäâè÷-áàëîê è ïëàñ-
òèí, â òîì ÷èñëå ñ ïîìîùüþ ìåòîäà óñðåäíåíèÿ
óïðóãèõ ñâîéñòâ ìàòåðèàëîâ ñëîåâ; ðàñïðîñòðà-
íåíèå âîëí â ñëîÿõ óïðóãèõ êîíñòðóêöèé; ðàñ-
ïðåäåëåíèå íàïðÿæåíèé ïðè íåñòàöèîíàðíîì
êîíòàêòå ñ ïîäâèæíûìè ãðàíèöàìè.

Ìîäåëü óïðóãîãî îñíîâàíèÿ ñ èñïîëüçîâà-
íèåì äâóõ êîýôôèöèåíòîâ ïîñòåëè, ó÷èòûâàþ-
ùàÿ åãî ñæèìàåìîñòü è ñâÿçíîñòü, áûëà ïðåäëî-
æåíà Ï.Ë. Ïàñòåðíàêîì [10] ïðè âçàèìîäåéñòâèè
ñ îäíîðîäíûìè ýëåìåíòàìè êîíñòðóêöèé.

Ïðåäëàãàåìàÿ ðàáîòà ðàñïðîñòðàíÿåò ýòó
ìîäåëü íà ñëó÷àé òðåõñëîéíûõ ïëàñòèí, âçà-
èìîäåéñòâóþùèõ ñî ñëîæíûì îñíîâàíèåì Ïàñ-
òåðíàêà.

Ïîñòàíîâêà êðàåâîé çàäà÷è

Ðàññìàòðèâàåòñÿ îñåñèììåòðè÷íîå äåôîð-
ìèðîâàíèå ïîïåðå÷íî íàãðóæåííîé óïðóãîé
òðåõñëîéíîé êðóãîâîé ïëàñòèíû (ðàäèóñà R),
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ïîêîÿùåéñÿ íà óïðóãîì îñíîâàíèè (ðèñ. 1). Äëÿ
èçîòðîïíûõ íåñóùèõ ñëîåâ òîëùèíîé h1, h2 ïðè-
íÿòû ãèïîòåçû Êèðõãîôà î íåñæèìàåìîñòè, ïðÿ-
ìîëèíåéíîñòè è ïåðïåíäèêóëÿðíîñòè íîðìàëè
ê äåôîðìèðîâàííîé ñðåäèííîé ïîâåðõíîñòè. Â
íåñæèìàåìîì ïî òîëùèíå çàïîëíèòåëå (h3=2c)
äåôîðìèðîâàííàÿ íîðìàëü îñòàåòñÿ ïðÿìîëè-
íåéíîé, íå èçìåíÿåò ñâîåé äëèíû, íî ïîâîðà-
÷èâàåòñÿ íà íåêîòîðûé äîïîëíèòåëüíûé óãîë .
Çàïîëíèòåëü ñ÷èòàåòñÿ ëåãêèì, ò.å. íå ó÷èòûâà-
åòñÿ åãî ðàáîòà â òàíãåíöèàëüíîì íàïðàâëåíèè.
Íà êîíòóðå ïëàñòèíû ïðåäïîëàãàåòñÿ æåñòêàÿ
äèàôðàãìà, êîòîðàÿ ïðåïÿòñòâóåò îòíîñèòåëüíî-
ìó ñäâèãó ñëîåâ. Ðåøåíèå çàäà÷è ñâîäèòñÿ ê
íàõîæäåíèþ ÷åòûð¸õ íåèçâåñòíûõ ôóíêöèé –
ðàäèàëüíîãî ïåðåìåùåíèÿ u(r) è îòíîñèòåëüíî-
ãî ñäâèãà â çàïîëíèòåëå (r), ïðîãèáà ïëàñòèíû
w(r), îñàäêè ïîâåðõíîñòè ñâîáîäíîãî îñíîâàíèÿ wd.

Ïîñòàíîâêà çàäà÷è è åå ðåøåíèå ïðîâîäÿòñÿ
â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò r, , z, ñâÿ-
çàííîé ñî ñðåäèííîé ïëîñêîñòüþ çàïîëíèòåëÿ.
Íà âíåøíèå ñëîè ñòåðæíÿ äåéñòâóåò ðàñïðåäå-
ëåííàÿ íàãðóçêà q0(r) è ðåàêöèÿ îñíîâàíèÿ, êî-
òîðàÿ îïèñûâàåòñÿ ìîäåëüþ Ïàñòåðíàêà [10]:

wtw)r(q f0R  ,  (1)

ãäå w(r) – ïðîãèá ïëàñòèíû; 0, tf – êîýôôèöè-
åíòû ñæàòèÿ è ñäâèãà ìàòåðèàëà îñíîâàíèÿ;
 – îïåðàòîð Ëàïëàñà â ïîëÿðíîé ñèñòåìå êî-
îðäèíàò

rd

wd

r

1

rd

wd
)r(w

2

2
 .

Èñïîëüçóÿ ãèïîòåçó ïðÿìîëèíåéíîñòè íîð-
ìàëè çàïîëíèòåëÿ

 r
)3(
z,r

)3(
rz ,wu2 ,

ïîñëå èíòåãðèðîâàíèÿ ïîëó÷èì âûðàæåíèÿ ðà-
äèàëüíûõ ïåðåìåùåíèé )k(

ru  â ñëîÿõ (k=1,2,3 –
íîìåð ñëîÿ) ÷åðåç òðè èñêîìûå ôóíêöèè:

)hczc(,zwcuu 1r
)1(

r  ,

)czc(,zwzuu r
)3(

r  ,

)czhc(,zwcuu 2r
)2(

r  ,       (2)

ãäå (u+c) – âåëè÷èíà ñìåùåíèÿ âíåøíåãî íå-
ñóùåãî ñëîÿ çà ñ÷åò äåôîðìàöèè çàïîëíèòåëÿ,
äëÿ âòîðîãî íåñóùåãî ñëîÿ ýòî ñìåùåíèå (u–c),
z – êîîðäèíàòà ðàññìàòðèâàåìîãî âîëîêíà, çà-
ïÿòàÿ â íèæíåì èíäåêñå îáîçíà÷àåò îïåðàöèþ
äèôôåðåíöèðîâàíèÿ ïî ñëåäóþùåé çà íåé êî-
îðäèíàòå.

Äåôîðìàöèè â ñëîÿõ ñëåäóþò èç (2) è ñî-
îòíîøåíèé Êîøè.

rrrr
)1(

r ,zw,c,u  , ),zwcu(
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1
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1
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)3(

r ,zw,z,u  , ),zwzu(
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1
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)3(  ,


2

1)3(
rz . (3)

Èñïîëüçóÿ êîìïîíåíòû òåíçîðà íàïðÿæå-
íèé )k(

  (=r,), ââåäåì îáîáùåííûå âíóòðåí-
íèå ñèëû è ìîìåíòû â ïëàñòèíå:

 





 
3

1k h

)k(
3

1k

)k( zdTT
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Ðèñ. 1. Ñõåìà äåôîðìèðîâàíèÿ êðóãîâîé ïëàñòèíû
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 





 
3

1k h

)k(
3

1k

)k( zdzMM
k

;

)TT(cMH )2()1()3(
  .  (4)

Óðàâíåíèÿ ðàâíîâåñèÿ ðàññìàòðèâàåìîé
ïëàñòèíû ïîëó÷èì èç âàðèàöèîííîãî ïðèíöèïà
Ëàãðàíæà [4], ïðèðàâíÿâ âèðòóàëüíóþ ðàáîòó ê
ðàáîòå âíåøíèõ è êîíòóðíûõ óñèëèé, ñ ó÷åòîì
ðàâåíñòâà ïðè ëþáûõ çíà÷åíèÿõ âàðüèðóåìûõ
ïåðåìåùåíèé. Â ðåçóëüòàòå èìååì ñèñòåìó äèô-
ôåðåíöèàëüíûõ óðàâíåíèé â óñèëèÿõ, îïèñûâà-
þùóþ ðàâíîâåñèå êðóãîâîé òðåõñëîéíîé ïëàñ-
òèíû íà óïðóãîì îñíîâàíèè Ïàñòåðíàêà:

0)TT(
r

1
T rr,r   ;

0)HH(
r

1
H rr,r   ;

)qq(),M,M2(
r

1
M R0rrrrr,r   .  (5)

Ïðè ýòîì íà êîíòóðå ïëàñòèíû (r=R) äîë-
æíû âûïîëíÿòüñÿ ñèëîâûå ãðàíè÷íûå óñëîâèÿ:

0
rrr

0
rr

0
rr

0
rr Q)MM(

r

1
,M,MM,HH,TT   . (6)

Ïðåäïîëàãàåòñÿ, ÷òî ñâÿçü íàïðÿæåíèé è
äåôîðìàöèé â ñëîÿõ (k=1,2,3) îïèñûâàåòñÿ ñî-
îòíîøåíèÿìè ëèíåéíîé òåîðèè óïðóãîñòè:

(k)
k

)k( эG2s   , )k(
k

)k( K  ,               (7)

ãäå s(k), e(k), )k(s , (k)э  – øàðîâûå è äåâèàòîðíûå
ñîñòàâëÿþùèå òåíçîðîâ íàïðÿæåíèé è äåôîð-
ìàöèé, Gk – ìîäóëü ñäâèãà, Kk – ìîäóëü îáú¸ì-
íîé äåôîðìàöèè, (k) – îáú¸ìíàÿ äåôîðìàöèÿ.

Ïîäñòàâèâ â (7) äåôîðìàöèè (3) è âîñïîëü-
çîâàâøèñü ñîîòíîøåíèÿìè (4), ïîëó÷èì âûðà-
æåíèå îáîáùåííûõ óñèëèé T, M è H (=r,)
÷åðåç òðè èñêîìûå ôóíêöèè: u(r), (r), w(r).
Íàïðèìåð, Tr, Mr áóäóò:
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

( 8 )

ãäå  kkk KG
3

4
K , 

 kkk KG
3

2
K .

Ïîñëå ïîäñòàíîâêè îáîáùåííûõ âíóòðåí-
íèõ óñèëèé è ìîìåíòîâ T, M è H (=r,), âû-
ðàæåííûõ ÷åðåç èñêîìûå ôóíêöèè â (5) è ñ ó÷å-
òîì ðåàêöèè îñíîâàíèÿ (1), ïîëó÷èì â ïåðåìå-
ùåíèÿõ ñëåäóþùóþ ñèñòåìó óðàâíåíèé ðàâíî-
âåñèÿ, îïèñûâàþùóþ èçãèá êðóãîâîé òðåõñëîé-
íîé ïëàñòèíû íà óïðóãîì äâóõïàðàìåòðè÷åñêîì
îñíîâàíèè Ïàñòåðíàêà:

0),waaua(L r3212  ;

0),waaua(L r5422  ;

0f0r6533 qwtw),waaua(L  ,  (9)

ãäå êîýôôèöèåíòû ai è ëèíåéíûå äèôôåðåíöè-
àëüíûå îïåðàòîðû Lk îïðåäåëÿþòñÿ ôîðìóëàìè:





3

1k
kk1 Kha ,     22112 KhKhca ;

  22
2

21113 K)h
2

1
c(hK)h

2

1
c(ha ;









 

32211
2

4 cK
3

2
KhKhca ;

1 2
r 1 1 2 2 r

1 2
1 1 2 2

31 2
1 1 2 2 3 r

31 2
1 1 2 2 3

1

h h
M K h c K h c u,

2 2

h h u,
K h c K h c

2 2 r

h h 2
cK h c cK h c c K ,

2 2 3

h h 2
cK h c cK h c c K

2 2 3 r

K

 

 

  

  

                

                

                  

                  



2
2 1

1 1

rr2
2 32

2 2 2 3

2
2 1

1 1 1

r

2
2 32

2 2 2 3

h
h c ch

3
w,

h 2
K h c ch c K

3 3

h
K h c ch

3 w,
,

rh 2
K h c ch c K

3 3



 



 

  
    

          
   

  
    

          
   

(8)
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

























 

3
2

2221115 Kc
3

2
Kh

2

1
chKh

2

1
chca ;

  3
3

2
2
22

2
21

2
11

2
16 Kc

3

2
K)h

3

1
chc(hK)h

3

1
chc(ha ;

32
rrr

rrrr23
r

g

r

,g

r

,g2
,g)),g(Lr(

r

1
)g(L  ;

2
r

rrrr2
r

g

r

,g
,g,),rg(

r

1
)g(L 








 .

Êðàåâàÿ çàäà÷à ïî îïðåäåëåíèþ ïåðåìåùå-
íèé â êðóãëîé ïëàñòèíå íà îñíîâàíèè Ïàñòåð-
íàêà çàìûêàåòñÿ ïðèñîåäèíåíèåì ê (9) ñèëî-
âûõ (6) èëè êèíåìàòè÷åñêèõ ãðàíè÷íûõ óñëîâèé.
Â ÷àñòíîñòè, ïðè æ¸ñòêîé çàäåëêå êîíòóðà ïëà-
ñòèíû äîëæíû âûïîëíÿòüñÿ òðåáîâàíèÿ (r=R):

0,wwu r  .  (10)

Ïðè øàðíèðíîì îïèðàíèè êîíòóðà ïëàñ-
òèíû:

0wu  , 0M r  .                   (11)

Â ñëó÷àå ñâîáîäíîãî êîíòóðà ïëàñòèíû:

0 , Tr=Mr=Mr,r=0,                        (12)

ãäå âíóòðåííèå óñèëèÿ Tr, Mr îïðåäåëÿþòñÿ ôîð-
ìóëàìè (8).

Îáùåå ðåøåíèå êðàåâîé çàäà÷è

Ðàññìîòðèì ïðîöåäóðó ðåøåíèÿ ýòîé ñèñ-
òåìû óðàâíåíèé. Ñ ïîìîùüþ ïåðâûõ äâóõ óðàâ-
íåíèé ñèñòåìû (13) â òðåòüåì óðàâíåíèè îáíó-
ëÿåì êîýôôèöèåíòû ïåðåä ôóíêöèÿìè u è .
Ïîñëå äâóêðàòíîãî èíòåãðèðîâàíèÿ è íåêîòî-
ðûõ ïðåîáðàçîâàíèé ïîëó÷èì:

r

C
rC,wbu 2
1r1  ;

r

C
rC,wb 4
3r2  ;

rrrr rrr rr r2 3

f rr r 0 0

2 1 1
w, w, w, w,

r r r
1

t D(w, w, ) Dw q D,
x

   

    
  

(13)

ãäå C1, C2, C3, C4 – êîíñòàíòû èíòåãðèðîâàíèÿ,

îïðåäåëÿåìûå èç ãðàíè÷íûõ óñëîâèé (10)–(12);
êîýôôèöèåíòû q=q0D, 2

1f
2
0 tt2  ,

2
241

5241
1

aaa

aaaa
b




 ,

 2
241

5251
2

aaa

aaaa
b




 ,

2
3251

2
241

2
361

2
2411

)aaaa()aaa)(aaa(

)aaa(a
D




 .

Ïîëó÷èì ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ,
ñîîòâåòñòâóþùåãî òðåòüåìó óðàâíåíèþ â (13).
Äëÿ ýòîãî ïðèðàâíÿåì ëåâóþ ÷àñòü óðàâíåíèÿ
íóëþ è ââåäåì çàìåíó ïåðåìåííîé x=r. Â ðå-
çóëüòàòå ïðèõîäèì  óðàâíåíèþ âèäà

xxxx xxx xx x2 3

2
0 xx x

2 1 1
w, w, w, w,

x x x
1

2t (w, w, ) w 0
x

   

   

èëè â îïåðàòîðíîì âèäå:

0wwt2w 2
0

2  ,  (14)

ãäå 2
1f

2
0 tt2  , Dtt f1f  , D0

4  ,











xd

wd
x

xd

d

x

1

xd

wd

x

1

xd

wd
)x(w

2

2
.

Óðàâíåíèå (14) ìîæåò áûòü ïðèâåäåíî ê
ñèñòåìå ýêâèâàëåíòíûõ åìó äâóõ óðàâíåíèé âòî-
ðîãî ïîðÿäêà. Ïóñòü w=w(x) – íåêîòîðîå ÷àñò-
íîå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (14), óäîâ-
ëåòâîðÿþùåå â òî æå âðåìÿ óðàâíåíèþ:

0ww  ,  (15)

ãäå  – êîíñòàíòà, ïîäëåæàùàÿ îïðåäåëåíèþ.
Èñõîäÿ èç óðàâíåíèÿ (15), èìååì:

ww  ,

ww 22  .  (16)

Ïîäñòàâèâ òåïåðü âûðàæåíèÿ (16) â èñõîä-
íîå óðàâíåíèå (14), ïîëó÷èì îòíîñèòåëüíî l õà-
ðàêòåðèñòè÷åñêîå óðàâíåíèå:

01t2 2
0

2  .  (17)

Çíà÷åíèÿ êîðíåé óðàâíåíèÿ (17) îïðåäåëÿ-
þòñÿ ôîðìóëàìè:

1)t(t 22
0

2
01  ;
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1)t(t 22
0

2
02  .  (18)

Ñëåäóåò îòìåòèòü, ÷òî åñëè â êà÷åñòâå óï-
ðóãîãî îñíîâàíèÿ ðàññìàòðèâàþòñÿ ðåàëüíûå
ãðóíòû, òî çíà÷åíèå èíòåãðàëüíîé õàðàêòåðèñ-
òèêè t0 íàõîäèòñÿ â ïðåäåëàõ 1t0 2

0   [11]. Ñëó-
÷àé 0t 20   ñîîòâåòñòâóåò îòñóòñòâèþ ñäâèãà â óï-
ðóãîì îñíîâàíèè tf=0.

Òàêèì îáðàçîì, êîðíè õàðàêòåðèñòè÷åñêî-
ãî óðàâíåíèÿ (18) ìîæíî ðàññìàòðèâàòü êàê êîì-
ïëåêñíî ñîïðÿæåííûå âåëè÷èíû:

111 ibaa  ,

112 ibaa  ,  (19)

ãäå 
2
01 ta  , 22

01 )t(1b  .

Èç óðàâíåíèÿ (16), ñëåäóåò, ÷òî äâóì êîì-
ïëåêñíî ñîïðÿæåííûì êîðíÿì (19) ñîîòâåòñòâó-
þò äâà ëèíåéíî íåçàâèñèìûõ óðàâíåíèÿ âòîðî-
ãî ïîðÿäêà:

0aw,w
x

1
,w 1x1xx1  ,

0wa,w
x

1
,w 2x2xx2  .  (20)

Îáùèé èíòåãðàë îñíîâíîãî äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ (13) ìîæíî ïðåäñòàâèòü â
âèäå:

p21 wwww  ,  (21)

ãäå wp – ÷àñòíîå ðåøåíèå óðàâíåíèÿ (13), w1 è
w2 – ôóíäàìåíòàëüíàÿ ñèñòåìà ÷àñòíûõ èíòåã-
ðàëîâ, óäîâëåòâîðÿþùàÿ óðàâíåíèÿì (20).

Ðåøåíèå óðàâíåíèé (21) ìîæíî çàïèñàòü â
âèäå [12]:

)xa(HC)xa(JC)x(w )1(
06051  ;

)xa(HC)xa(JC)x(w )2(
08072  ,  (22)

ãäå )xa(J0 , )xa(J0  – ôóíêöèè Áåññåëÿ ïåðâî-
ãî ðîäà, íóëåâîãî ïîðÿäêà, êîìïëåêñíûõ àðãó-
ìåíòîâ xa  è xa ; )xa(H )1(

0 , )xa(H )2(
0  – ôóí-

êöèè Õàíêåëÿ ïåðâîãî è âòîðîãî ðîäà, íóëåâîãî
ïîðÿäêà îò òåõ æå àðãóìåíòîâ.

Èñïîëüçóÿ ðåøåíèå (22), ïåðåïèøåì îáùåå
ðåøåíèå (21) â îêîí÷àòåëüíîé ôîðìå:

(1)
5 0 6 0 7 0

(2)
8 0 p

w C J ( ax) C H ( ax) C J ( ax)

C H ( ax) w .

   

 
  

(23)

Ñëó÷àé ðàâíîìåðíî ðàñïðåäåëåííîé íàãðóçêè
Ðàññìîòðèì ðàñïîëîæåííóþ íà óïðóãîì

îäíîñëîéíîì îñíîâàíèè êðóãëóþ òð¸õñëîéíóþ
ïëàñòèíó ðàäèóñà R, íàõîäÿùóþñÿ ïîä äåéñòâè-
åì ðàâíîìåðíî ðàñïðåäåë¸ííîé íàãðóçêè –
q0=const. Äèôôåðåíöèàëüíîå óðàâíåíèå èçãè-
áà (13) äëÿ òàêîé ïëàñòèíû ìîæåò áûòü çàïèñà-
íî â âèäå:

0

02
0

2 q
wwt2w


 .  (24)

Â îáëàñòè âíåøíåé ïî îòíîøåíèþ ê ïëàñ-
òèíå ñïðàâåäëèâî îäíîðîäíîå äèôôåðåíöèàëü-
íîå óðàâíåíèå, êîòîðîå èìååò âèä [11]:

0ww d
2
0d  ,  (25)

ãäå 
DtDtt f

2

f

0

2
f

02
0










 .

Òîãäà îáùåå ðåøåíèå (23), ñ ó÷åòîì ÷àñò-
íîãî ðåøåíèÿ (24), è ðåøåíèå óðàâíåíèÿ (25),
ìîãóò áûòü ïðåäñòàâëåíû â âèäå:

(1)
5 0 6 0 7 0

(2) 0
8 0

0

w C J ( ax) C H ( ax) C J ( ax)

q
C H ( ax) ,

   

 


  (26)

)x(KC)x(ICw 0010009d  ,

ãäå I0(0x), K0(0x) – ìîäèôèöèðîâàííûå ôóí-
êöèè Áåññåëÿ ïåðâîãî è âòîðîãî ðîäà (ôóíêöèÿ
Ìàêäîíàëüäà) íóëåâîãî ïîðÿäêà àðãóìåíòà 0x.

Ôóíêöèÿ I0(0x) ïðè x íåîãðàíè÷åííî
âîçðàñòàåò, ÷òî ïðîòèâîðå÷èò óñëîâèþ çàòóõà-
íèÿ îñàäîê óïðóãîãî îñíîâàíèÿ âäàëè îò ìåñòà
ïðèëîæåíèÿ íàãðóçêè (wd ïðè x), òî íå-
îáõîäèìî ïîëîæèòü C9=0.

Îáùåå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâ-
íåíèé äëÿ ïðîãèáà è îñàäêè (26) è îñòàëüíûå
èñêîìûå ôóíêöèè ñèñòåìû (13), ñ ó÷åòîì îãðà-
íè÷åííîñòè ðåøåíèÿ â íà÷àëå êîîðäèíàò
(C2=C4=C6=C8=0), â ýòîì ñëó÷àå ìîãóò áûòü
ïðåäñòàâëåííûìè â âèäå:

rC))ra(JaC)ra(JaC(bu 117151  ;

rC))ra(JaC)ra(JaC(b 317152  ;

0

0
0705

q
)ra(JC)ra(JCw


 ;
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)x(KCw 0010d  ,

ãäå q0/k0 – ÷àñòíûé èíòåãðàë íåîäíîðîäíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (24); C1, C3, C5,
C7 – ïðîèçâîëüíûå ïîñòîÿííûå èíòåãðèðîâàíèÿ,
îïðåäåëÿåìûå èç ãðàíè÷íûõ óñëîâèé (10)–(12).

×èñëåííûå ðåçóëüòàòû
×èñëåííûé ïàðàìåòðè÷åñêèé àíàëèç ïðî-

âåäåí äëÿ çàùåìë¸ííîé ïî êîíòóðó ïëàñòèíû
åäèíè÷íîãî ðàäèóñà R=1 ì, ñëîè êîòîðîé íà-
áðàíû èç ìàòåðèàëîâ Ä16Ò-ôòîðîïëàñò-
Ä16Ò [13]. Ïðèíèìàëèñü: âåëè÷èíà èíòåíñèâíî-
ñòè ïîâåðõíîñòíîé íàãðóçêè q0=–1 ÌÏà; òîë-
ùèíû ñëî¸â h1=h2=0,04 ì, h3=0,4 ì; îòíîøåíèå
êîýôôèöèåíòîâ, ñîãëàñíî ðåêîìåíäàöèÿì Ïàñ-
òåðíàêà [10], tf/ê0<1. Ãðàäàöèÿ îñíîâàíèé ïî
æåñòêîñòè â äàëüíåéøåì ïðèíÿòà ñëåäóþùàÿ [4]:
ïðè 030 ÌÏà/ì – îñíîâàíèÿ ìàëîé æåñòêîñ-
òè (ëåãêèå); 300650 ÌÏà/ì – îñíîâàíèÿ ñðåä-
íåé æåñòêîñòè; 0650 ÌÏà/ì – îñíîâàíèÿ âû-

ñîêîé æåñòêîñòè.
Íà ðèñ. 2,à è 2,á ïîêàçàíî èçìåíåíèå ïðî-

ãèáà w è ñäâèãà â çàïîëíèòåëå  âäîëü ðàäèóñà
ðàññìàòðèâàåìîé ïëàñòèíû ïðè îñíîâàíèè ñðåä-
íåé æ¸ñòêîñòè (0=100 ÌÏà/ì) è ðàçëè÷íûõ êî-
ýôôèöèåíòàõ ñäâèãà îñíîâàíèÿ tf (ÌÏàì):
1 – tf=0 (ýòîò ñëó÷àé ñîîòâåòñòâóåò îñíîâàíèþ
ìîäåëè Âèíêëåðà), 2 – tf=1, 3 – tf=10. Ñ ðîñòîì
êîýôôèöèåíòà tf óìåíüøàåòñÿ ïðîãèá ïëàñòèíû
è ñäâèã â çàïîëíèòåëå. Ïðè ìàëûõ çíà÷åíèÿõ
tf<0,1 ÌÏàì èçìåíåíèÿ íå ñóùåñòâåííûå, è
ñäâèãîâîé äåôîðìàöèåé îñíîâàíèÿ ìîæíî ïðå-
íåáðå÷ü. Ïðè óâåëè÷åíèè êîýôôèöèåíòà ñäâèãà
äî 1 ÌÏàì ïðîãèá óìåíüøàåòñÿ íà 5%, â ñëó-
÷àå tf=10 ÌÏàì ïðîãèá óìåíüøàåòñÿ íà 37%.
Àíàëîãè÷íî âåä¸ò ñåáÿ ñäâèã â çàïîëíèòåëå.

Íà ðèñ. 3 ïîêàçàíî èçìåíåíèå ðàäèàëüíûõ
íàïðÿæåíèé r (z) ïî òîëùèíå ïëàñòèíû íà å¸
êîíòóðå (à) è â öåíòðå (á): 1 – t f=0, 2 –
tf=10 ÌÏà·ì. Êàðòèíà íàïðÿæåíèé ñèììåòðè÷-

Ðèñ. 2. Èçìåíåíèå ïðîãèáà w è ñäâèãà â çàïîëíèòåëå  âäîëü ðàäèóñà ïëàñòèíû ïðè êîýôôèöèåíòå æ¸ñòêîñòè îñíîâàíèÿ

k0=100 ÌÏà/ì

Ðèñ. 3. Èçìåíåíèå ðàäèàëüíûõ íàïðÿæåíèé r  ïî òîëùèíå íà êîíòóðå è â öåíòðå ïëàñòèíû (k0=100 ÌÏà/ì)
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íà îòíîñèòåëüíî ñðåäèííîé ïîâåðõíîñòè çàïîë-
íèòåëÿ â ñèëó ñèììåòðèè ïëàñòèíû ïî òîëùè-
íå. Â öåíòðå ïëàñòèíû âåðõíèå ÷àñòè íåñóùèõ
ñëîåâ ñæàòû, çàïîëíèòåëÿ – ðàñòÿíóòû. Íà êîí-
òóðå íàáëþäàåòñÿ ïðîòèâîïîëîæíàÿ êàðòèíà. Â
ñêëåéêàõ ñëîåâ íàïðÿæåíèÿ èìåþò îäèíàêîâûå
çíàêè, íî òåðïÿò ðàçðûâ èç-çà ðàçëè÷íûõ óïðó-
ãèõ õàðàêòåðèñòèê ìàòåðèàëîâ ñëîåâ. Ïðè ó÷¸òå
êîýôôèöèåíòà ñäâèãà tf=10 ÌÏàì íàïðÿæåíèÿ
óìåíüøàþòñÿ, íà êîíòóðå ïëàñòèíû äî 29%, â
öåíòðå – íà 41%. Â çàïîëíèòåëå íàïðÿæåíèÿ
óâåëè÷åíû â 10 ðàç.
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ÍÀÏÐÓÆÅÍÎ-ÄÅÔÎÐÌÎÂÀÍÈÉ ÑÒÀÍ ÒÐÈØÀÐÎÂÎ¯
ÊÐÓÃÎÂÎ¯ ÏËÀÑÒÈÍÈ, ÏÎÂ’ßÇÀÍÎ¯ Ç² ÑÊËÀÄÍÎÞ
ÎÑÍÎÂÎÞ

Ñòàðîâîéòîâ Å.²., Êîçåë À.Ã.

Ó íàø ÷àñ êîìïîçèö³éí³, â òîìó ÷èñë³ òðèøàðîâ³ åëåìåí-
òè êîíñòðóêö³é, çíàéøëè øèðîêå çàñòîñóâàííÿ â áóä³âíèöòâ³
òà ìàøèíîáóäóâàíí³. Öå âèêëèêàº íåîáõ³äí³ñòü ñòâîðåííÿ â³äïî-
â³äíèõ ìàòåìàòè÷íèõ ìîäåëåé ³ ìåòîä³â ðîçðàõóíêó ¿õ íàïðó-
æåíî-äåôîðìîâàíîãî ñòàíó ïðè ð³çíèõ óìîâàõ åêñïëóàòàö³¿. Òóò
íàâåäåíà ïîñòàíîâêà êðàéîâî¿ çàäà÷³ ïðè â³ñåñèìåòðè÷í³é äå-
ôîðìàö³¿ ïðóæíî¿ òðèøàðîâî¿ êðóãîâî¿ ïëàñòèíè íà ñêëàäí³é
îñíîâ³ ìîäåë³ Ïàñòåðíàêà, ùî äîçâîëÿº âðàõîâóâàòè âïëèâ çñóâ-
íèõ âëàñòèâîñòåé ìàòåð³àëó îñíîâè íà íàïðóæåíî-äåôîðìî-
âàíèé ñòàí äîñë³äæóâàíî¿ êîíñòðóêö³¿. Äëÿ îïèñó ê³íåìàòèêè
íåñèìåòðè÷íîãî ïî òîâùèí³ ïàêåòà ïëàñòèí ïðèéíÿò³ ã³ïîòå-
çè ëàìàíî¿ ë³í³¿. Â òîíêèõ íåñó÷èõ øàðàõ ñïðàâåäëèâ³ ã³ïîòåçè
Ê³ðõãîôà. Ó íåñòèñëèâîìó ïî òîâùèí³ ëåãêîìó çàïîâíþâà÷³
âèêîíóºòüñÿ ã³ïîòåçà Òèìîøåíêî ç ë³í³éíîþ àïðîêñèìàö³ºþ
ïåðåì³ùåíü ïî òîâùèí³ øàðó. Íà êîíòóð³ ïåðåäáà÷àºòüñÿ íà-
ÿâí³ñòü æîðñòêî¿ ä³àôðàãìè, ùî ïåðåøêîäæàº â³äíîñíîìó çñóâó
øàð³â. Ñèñòåìà äèôåðåíö³àëüíèõ ð³âíÿíü ð³âíîâàãè îòðèìàíà
âàð³àö³éíèì ìåòîäîì. Ðîáîòà òàíãåíö³àëüíèõ íàïðóæåíü â çà-
ïîâíþâà÷³ íå âðàõîâóâàëàñÿ. Ð³øåííÿ êðàéîâî¿ çàäà÷³ çâåäåíî
äî çíàõîäæåííÿ òðüîõ øóêàíèõ ôóíêö³é – ïðîãèíó ïëàñòèíè,
â³äíîñíîãî çñóâó ³ ðàä³àëüíîãî ïåðåì³ùåííÿ â çàïîâíþâà÷³. Îò-
ðèìàíî çàãàëüíèé àíàë³òè÷íèé ðîçâ’ÿçîê êðàéîâî¿ çàäà÷³ â ôóí-
êö³ÿõ Áåññåëÿ. ×èñåëüíî äîñë³äæåíî âïëèâ çñóâíèõ âëàñòèâî-
ñòåé îñíîâè íà íàïðóæåíèé ñòàí ïëàñòèíè ïðè ð³çíèõ êîåô³ö³-
ºíòàõ ñòèñíåííÿ ³ çñóâó îñíîâè. Çä³éñíåíî ïîð³âíÿííÿ ðîçðà-
õóíêîâèõ çíà÷åíü ïåðåì³ùåíü ³ íàïðóæåíü, îòðèìàíèõ ç âèêî-
ðèñòàííÿì ìîäåëåé Ïàñòåðíàêà ³ Â³íêëåðà. Ïîêàçàíî, ùî îáë³ê
çñóâíèõ âëàñòèâîñòåé ìàòåð³àëó ï³äñòàâè ïðèçâîäèòü äî çìåí-
øåííÿ ðîçðàõóíêîâèõ ïàðàìåòð³â.

Êëþ÷îâ³ ñëîâà: òðèøàðîâà êðóãîâà ïëàñòèíà,
â³ñåñèìåòðè÷íèé âèãèí, îñíîâà Ïàñòåðíàêà, íàïðóæåíèé
ñòàí.
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STRESS-STRAIN STATE OF A THREE-LAYER CIRCULAR
PLATE CONNECTED WITH A COMPLEX BASE

Starovoitov E.I., Kozel A.G.

Belarusian State University of Transport, Gomel, Belarus

In our time, compositional, including three-layer structural
elements have found wide application in construction and mechanical
engineering. This calls for the creation of appropriate mathematical
models and methods for calculating their stress-strain state under
various operating conditions. Here is a statement of the boundary
value problem of axisymmetric deformation of an elastic three-layer
circular plate on a complex basis of the Pasternak model, which
allows to take into account the influence of the shear properties of
the base material on the stress-strain state of the structure under
study. To describe kinematics of asymmetrical on the thickness of
the plate pack the hypothesis of a fractured line is adopted. In thin
load bearing layers the hypotheses of Kirchhoff are true. In the
incompressible lightweight filler, Tymoshenko’s hypothesis with a
linear approximation of displacements along the layer thickness is
fulfilled. The contour assumes the presence of a rigid diaphragm that
prevents the relative displacement of the layers. The system of
differential equations of equilibrium is obtained by the variational
method. The work of tangential stresses in the filler was not taken
into account. Three types of boundary conditions are formulated.
The solution of the boundary value problem is reduced to finding
three required functions – plate deflection, relative shear and radial
displacement in the filler. The general analytical solution of the
boundary value problem in Bessel functions is obtained. The influence
of shear properties of the base on the stress-strain state of the plate
at different compression ratios is studied numerically The calculated
values of displacements and stresses obtained using Pasternak and
Winkler models are compared. It is shown that taking into account
the shear properties of the base material leads to a decrease in the
calculated parameters.

Keywords: three-layer circular plate, axisymmetric bend-
ing, Pasternak foundation, stress state.
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