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Öåëüþ ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ñòàòèñòè÷åñêîé ìîäåëè â âèäå òðåíäîâîãî ïðî-

öåññà Îðíøòåéíà-Óëåíáåêà äëÿ îïèñàíèÿ ýëåêòðîôîðåçà âûñîêîìîëåêóëÿðíûõ

âåùåñòâ. Ñïîñîáíîñòü ýëåêòðîôîðåçà ðàçäåëÿòü çàðÿæåííûå áèîëîãè÷åñêèå ìàêðî-

ìîëåêóëû øèðîêî ïðèìåíÿåòñÿ â íàó÷íûõ èññëåäîâàíèÿõ, õèìè÷åñêîì ïðîèçâîä-

ñòâå è ìåäèöèíå. Íåñìîòðÿ íà ïðèìåíåíèå äëÿ îöåíêè êîýôôèöèåíòîâ ýëåêòðî-

ôîðåòè÷åñêîé ïîäâèæíîñòè ìîëåêóëÿðíî-êèíåòè÷åñêîé òåîðèè â âèäå ñòîõàñòè-

÷åñêîãî óðàâíåíèÿ Ëàíæåâåíà è âûõîäÿùèõ èç íåãî ñîîòíîøåíèé Ýéíøòåéíà-

Ñìîëóõîâñêîãî, ó÷èòûâàþùåé áðîóíîâñêîå äâèæåíèå ÷àñòèö ñðåäû, ýòè ìîäåëè

îñòàþòñÿ äåòåðìèíèñòè÷åñêèìè. Òàêèå ìîäåëè íå ïîçâîëÿþò äîñòè÷ü íåîáõîäèìîé

òî÷íîñòè ïðè îïèñàíèè ýëåêòðîôîðåçà âûñîêîìîëåêóëÿðíûõ âåùåñòâ, îñîáåííî

ïðè àíàëèçå èõ ðàçëè÷èé. Ïðîöåññ Îðíøòåéíà-Óëåíáåêà ÿâëÿåòñÿ åäèíñòâåííûì

íåòðèâèàëüíûì ñòàöèîíàðíûì ãàóññîâûì ìàðêîâñêèì ïðîöåññîì è èìååò ñâîé-

ñòâî âîçâðàùåíèÿ ê ñðåäíåìó. Ýòî ñïîñîáñòâîâàëî åãî èñïîëüçîâàíèþ â ôèíàíñî-

âîé èíæåíåðèè. Â íàñòîÿùåå âðåìÿ ïðîöåññ Îðíøòåéíà-Óëåíáåêà èçó÷åí äîñòà-

òî÷íî ãëóáîêî è ïðåäñòàâëÿþò èíòåðåñ åãî ðàçëè÷íûå ìîäèôèêàöèè è îáîáùåíèÿ,

â ÷àñòíîñòè òðåíäîâûé ïðîöåññ Îðíøòåéíà-Óëåíáåêà. Òðåíäîâûé ïðîöåññ Îðíø-

òåéíà-Óëåíáåêà îïèñûâàåò ñòîõàñòè÷åñêèé ïðîöåññ, êîòîðûé îòêëîíÿåòñÿ îò äå-

òåðìèíèðîâàííîãî òðåíäà è âîçâðàùàåòñÿ ê íåìó ñî ñêîðîñòüþ, ïðîïîðöèîíàëü-

íîé îòêëîíåíèþ. Äåòåðìèíèðîâàííûé òðåíä ñîäåðæèò, êàê ïðàâèëî, íåñêîëüêî

ïàðàìåòðîâ, êîòîðûå íåîáõîäèìî îöåíèâàòü ïî äàííûì íàáëþäåíèé. Â èçâåñòíûõ

ðàáîòàõ ïî ìîäåëèðîâàíèþ äâèæåíèÿ äèýëåêòðèêîâ òàêóþ îöåíêó ïðîâîäÿò èçâåñ-

òíûìè ñòàòèñòè÷åñêèìè ìåòîäàìè, íàïðèìåð, ìîìåíòîâ èëè ìàêñèìóìà ïðàâäî-

ïîäîáèÿ. Â ñëó÷àå ýëåêòðîôîðåçà ïðåäëàãàåòñÿ â êà÷åñòâå äåòåðìèíèðîâàííîãî òðåíäà

ïðèíÿòü ëèíåéíûé òðåíä ñ êîýôôèöèåíòîì, ïðîïîðöèîíàëüíûì ýëåêòðîëèòè÷åñ-

êîé ïîäâèæíîñòè âåùåñòâà â çàäàííîé ñðåäå. Ñòàòèñòè÷åñêàÿ îáðàáîòêà ýêñïåðè-

ìåíòàëüíûõ äàííûõ äàåò âîçìîæíîñòü ïîëó÷èòü îöåíêè ïàðàìåòðîâ, ÷òî ïîçâîëÿåò

ñòîõàñòè÷åñêè ìîäåëèðîâàòü ïðîöåññ ýëåêòðîôîðåçà. Îïðåäåëåíà ôîðìà ìîäåëè

ýëåêòðîôîðåçà, ðàçðàáîòàíà ìåòîäèêà ðàñ÷åòà ïàðàìåòðîâ ïîëó÷åííîé ìîäåëè ïî

äàííûì ýêñïåðèìåíòà ïî ðàçäåëåíèþ áåëêîâ.

Êëþ÷åâûå ñëîâà: ïðîöåññ Îðíøòåéíà-Óëåíáåêà, ýëåêòðîôîðåç, âûñîêîìîëåêóëÿð-

íûå âåùåñòâà, áåëêè.

DOI: 10.32434/2521-6406-2018-4-2-60-64

Ïîñòàíîâêà ïðîáëåìû è å¸ ñâÿçü ñ âàæíûìè
íàó÷íûìè è ïðàêòè÷åñêèìè çàäà÷àìè

Ýëåêòðîôîðåç – ýòî äâèæåíèå êîëëîèäíûõ
÷àñòèö â ýëåêòðè÷åñêîì ïîëå. Ýòî ÿâëåíèå âïåð-
âûå îïèñàíî Ðåéññîì â 1809 ãîäó [1]. Â 1930-õ
ãîäàõ ýëåêòðîôîðåç áûë âïåðâûå ïðèìåí¸í â

áèîõèìèè Òèçåëèóñîì äëÿ ðàçäåëåíèÿ áåëêîâ
ñûâîðîòêè êðîâè. Ñ òåõ ïîð ýëåêòðîôîðåç çàíè-
ìàåò âàæíîå ìåñòî ïðè èññëåäîâàíèè âûñîêî-
ìîëåêóëÿðíûõ âåùåñòâ, âàæíåéøèìè èç êîòî-
ðûõ ÿâëÿþòñÿ áåëêè è íóêëåèíîâûå êèñëîòû.
Ìåòîä ïîçâîëÿåò ðàçäåëÿòü ìàêðîìîëåêóëû ïî
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ðàçìåðàì è ïðîñòðàíñòâåííîé êîíôèãóðàöèè,
÷òî äåëàåò åãî óäîáíûì äëÿ êîëè÷åñòâåííîãî
àíàëèçà òàêèõ âåùåñòâ. Ñïîñîáíîñòü ýëåêòðî-
ôîðåçà ðàçäåëÿòü çàðÿæåííûå áèîëîãè÷åñêèå
ìàêðîìîëåêóëû øèðîêî ïðèìåíÿåòñÿ íå òîëüêî
â èññëåäîâàíèÿõ, íî è â áèîòåõíîëîãèè, õèìè-
÷åñêîì ïðîèçâîäñòâå è â ìåäèöèíå.

Ñóùåñòâóþùèå ìåòîäû ìàòåìàòè÷åñêîãî
îïèñàíèÿ ýëåêòðîôîðåçà îïèðàþòñÿ íà ìîäåëè
äâèæåíèÿ êðóãëûõ òåë â ýëåêòðîñòàòè÷åñêîì ïîëå
ñ ó÷åòîì ñîïðîòèâëåíèÿ ñðåäû è ýëåêòðîëèòè-
÷åñêîé ïðîíèöàåìîñòè ÷àñòèöû [1]. Íåñìîòðÿ íà
ïðèìåíåíèå äëÿ îöåíêè êîýôôèöèåíòîâ ýëåêò-
ðîôîðåòè÷åñêîé ïîäâèæíîñòè ìîëåêóëÿðíî-êè-
íåòè÷åñêîé òåîðèè, ó÷èòûâàþùåé áðîóíîâñêîå
äâèæåíèå ÷àñòèö ñðåäû â âèäå ñòîõàñòè÷åñêîãî
óðàâíåíèÿ Ëàíæåâåíà è ñëåäóþùèõ èç íåãî ñî-
îòíîøåíèé Ýéíøòåéíà-Ñìîëóõîâñêîãî, ýòè
îïèñàíèÿ îñòàþòñÿ äåòåðìèíèñòè÷åñêèìè. Òà-
êèå îïèñàíèÿ íå ïîçâîëÿþò äîñòè÷ü íåîáõîäè-
ìîé òî÷íîñòè ïðè îïèñàíèè ýëåêòðîôîðåçà íå-
êîòîðûõ âûñîêîìîëåêóëÿðíûõ âåùåñòâ, îñî-
áåííî ïðè ðàñïîçíàâàíèè èõ îòëè÷èé äðóã îò
äðóãà [2].

Âìåñòå ñ òåì, äëÿ îïèñàíèÿ ñèñòåì, èìåþ-
ùèõ íåêîòîðûé âðåìåííîé òðåíä è ìàëóþ ñëó-
÷àéíóþ ñîñòàâëÿþùóþ, â ïîñëåäíåå âðåìÿ óñ-
ïåøíî èñïîëüçóþòñÿ ñòîõàñòè÷åñêèå äèôôåðåí-
öèàëüíûå óðàâíåíèÿ. Äëÿ îïèñàíèÿ òàêèõ ïðî-
öåññîâ àêòèâíî èñïîëüçóåòñÿ ïðîöåññ Îðíøòåé-
íà-Óëåíáåêà (OU) [3–8]. Ïðîöåññ OU îáëàäàåò
çíà÷èòåëüíûì ïîòåíöèàëîì ìîäåëèðîâàíèÿ âðå-
ìåííûõ ðÿäîâ íàáëþäåíèé äëÿ øèðîêîãî ñïåê-
òðà îáëàñòåé òàêèõ êàê: òåõíèêà, ýêîíîìèêà è
ôèíàíñû. Ìíîãèå èññëåäîâàòåëè íà ôèíàíñî-
âûõ ðûíêàõ øèðîêî èñïîëüçîâàëè ïðîöåññ OU
äëÿ îïèñàíèÿ äèíàìèêè ïåðåìåííûõ ñîñòîÿíèÿ,
êîòîðûå ñòàáèëèçèðóþòñÿ íà ñâîèõ ðàâíîâåñíûõ
óðîâíÿõ ïî ìåðå ïðèáëèæåíèÿ âðåìåíè ê áåñ-
êîíå÷íîñòè. Òàê, íàïðèìåð, Î. Âàñè÷åê [8] èñ-
ïîëüçîâàë ïðîöåññ OU äëÿ îïèñàíèÿ ñòîõàñòè-
÷åñêîãî äâèæåíèÿ êðàòêîñðî÷íîé ïðîöåíòíîé
ñòàâêè. Èñïîëüçîâàíèå òðåíäîâîãî ïðîöåññà OU
äàåò âîçìîæíîñòü ó÷åñòü ñòîõàñòè÷åñêèé õàðàê-
òåð ÿâëåíèÿ è îïðåäåëèòü ïàðàìåòðû òðåíäà íå
òåîðåòè÷åñêè, à ñòàòèñòè÷åñêèìè ìåòîäàìè íà
îñíîâàíèè ýêñïåðèìåíòàëüíûõ äàííûõ, ÷òî ïî-
çâîëÿåò ñóùåñòâåííî óëó÷øèòü îöåíêè ïàðàìåò-
ðîâ ìîäåëüíîãî ïðîãíîçà.

Àíàëèç ïîëîæèâøèõ íà÷àëî ðåøåíèþ ïðîáëå-
ìû ïóáëèêàöèé, íåðåø¸ííûõ ÷àñòåé ïðîáëåìû

Â 1903 ãîäó Ñìîëóõîâñêèé ïðèâåë òåîðå-
òè÷åñêóþ ôîðìóëó ýëåêòðîôîðåçà äëÿ òîíêîãî
äâîéíîãî ýëåêòðè÷åñêîãî ñëîÿ, ÷åì áûëè çàëî-

æåíû òåîðåòè÷åñêèå îñíîâû ðàñ÷åòà ëèíåéíîãî
êîëëîèäíîãî ýëåêòðîôîðåçà. Â 1905 ãîäó Ýéí-
øòåéí è â 1906 ãîäó Ñìîëóõîâñêèé ñôîðìóëè-
ðîâàëè çàêîíû, îïèñûâàþùèå áðîóíîâñêîå äâè-
æåíèå êîëëîèäíûõ ÷àñòèö, è ñâÿçàëè êîíñòàíòó
äèôôóçèè ñ ýëåêòðîôîðåòè÷åñêîé ïîäâèæíîñ-
òüþ. Â 1923 ãîäó Õþêêåëü è Äåáàé ñîçäàëè òå-
îðèþ ýêðàíèðîâàíèÿ ýëåêòðîñòàòè÷åñêèõ âçà-
èìîäåéñòâèé â ðàñòâîðàõ ýëåêòðîëèòîâ è ââåëè
ïàðàìåòð äëèíû ýêðàíèðîâàíèÿ (èëè äëèíó Äå-
áàÿ). Â òåðìèíàõ Äåáàÿ è Õþêêåëÿ òåîðèÿ Ñìî-
ëóõîâñêîãî îïèñûâàåò ýëåêòðîôîðåç â êîíöåí-
òðèðîâàííûõ ðàñòâîðàõ ýëåêòðîëèòà, ãäå ïàðà-
ìåòð ýêðàíèðîâàíèÿ âåëèê. Â 1924 ãîäó Õþêêåëü
ïðèâåë òåîðåòè÷åñêîå ðåøåíèå äëÿ çàäà÷è îá
ýëåêòðîôîðåçå â ðàçáàâëåííîì ðàñòâîðå ýëåêò-
ðîëèòà äëÿ ìàëûõ ÷èñåë Äåáàÿ. Ñ ðàçâèòèåì ÷èñ-
ëåííûõ ìåòîäîâ â êîíöå ïðîøëîãî âåêà çàäà÷à
áûëà ðåøåíà äëÿ ïðîèçâîëüíûõ íàáîðîâ ïàðà-
ìåòðîâ. Àíàëèòè÷åñêèå ìåòîäû íå äàþò äîñòà-
òî÷íîé òî÷íîñòè ïðè ÷èñëåííîé îáðàáîòêå ðå-
çóëüòàòîâ ýêñïåðèìåíòîâ, íî ïîçâîëÿåò âûáðàòü
ôîðìó òðåíäà ñòîõàñòè÷åñêîé çàâèñèìîñòè.

Ïðîöåññ Îðíøòåéíà-Óëåíáåêà âïåðâûå áûë
ïðåäñòàâëåí â êà÷åñòâå ìîäåëè ñêîðîñòåé ÷àñ-
òèö â ïðîöåññå ñîóäàðåíèÿ ñ îêðóæàþùèìè èõ
÷àñòèöàìè. Ïðîöåññ OU ÿâëÿåòñÿ åäèíñòâåííûì
íåòðèâèàëüíûì ñòàöèîíàðíûì ãàóññîâñêèì ìàð-
êîâñêèì ïðîöåññîì [4,6,7] è îáëàäàåò ñâîéñòâîì
âîçâðàùåíèÿ ê ñðåäíåìó. Ýòè ñâîéñòâà ñïîñîá-
ñòâîâàëè åãî èñïîëüçîâàíèþ â ôèíàíñîâîé èí-
æåíåðèè. Òàê, íàïðèìåð, â ðàáîòå Î. Âàñè÷åêà [8]
ïðåäñòàâëåíà ìîäåëü äëÿ îöåíêè ìãíîâåííîé
ïðîöåíòíîé ñòàâêè, à â íà÷àëå íûíåøíåãî âåêà
áûëè îïèñàíû ñïîñîáû èñïîëüçîâàíèÿ ïðîöåñ-
ñà OU â çàäà÷àõ öåíîîáðàçîâàíèÿ îïöèîíîâ,
îïòèìèçàöèè ïîðòôåëÿ è òåîðèè ðèñêîâ [9,10].
Â íàñòîÿùåå âðåìÿ ïðîöåññ OU èçó÷åí äîñòà-
òî÷íî ãëóáîêî è ïðåäñòàâëÿþò èíòåðåñ åãî ðàç-
ëè÷íûå ìîäèôèêàöèè è îáîáùåíèÿ, â ÷àñòíî-
ñòè òðåíäîâûé ïðîöåññ OU.

Ôîðìóëèðîâàíèå öåëåé ñòàòüè
Öåëÿìè ýòîé ðàáîòû ÿâëÿåòñÿ:
1) îïðåäåëåíèå ôîðìû ìîäåëè ýëåêòðîôî-

ðåçà, îñíîâàííîé íà èñïîëüçîâàíèè òðåíäîâîãî
ïðîöåññà Îðíøòåéíà-Óëåíáåêà;

2) ðàçðàáîòêà ìåòîäèêè ðàñ÷åòà ïàðàìåò-
ðîâ ïîëó÷åííîé ìîäåëè ïî äàííûì ýêñïåðèìåíòà
ïî ðàçäåëåíèþ áåëêîâ â àãàðîçíîì ãåëå.

Òàêèì îáðàçîì, çàäà÷åé íàñòîÿùåé ðàáîòû
ÿâëÿåòñÿ ïðèìåíåíèå ñòàòèñòè÷åñêîé ìîäåëè â
âèäå òðåíäîâîãî ïðîöåññà Îðíøòåéíà-Óëåíáå-
êà äëÿ îïèñàíèÿ ýëåêòðîôîðåçà âûñîêîìîëåêó-
ëÿðíûõ âåùåñòâ.
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Èçëîæåíèå îñíîâíîãî ìàòåðèàëà èññëåäîâàíèÿ
Ïðîöåññ Îðíøòåéíà-Óëåíáåêà (OU) ÿâëÿ-

åòñÿ íåïðåðûâíûì ñòîõàñòè÷åñêèì ïðîöåññîì
vt, îïèñûâàåìûì ñòîõàñòè÷åñêèì äèôôåðåíöè-
àëüíûì óðàâíåíèåì (SDE) âèäà

dv t=k(–v t)dt+dW t,  (1)

ãäå , k>0 è >0 – ïàðàìåòðû, èíòåðïðåòèðóþ-
ùèå ðàâíîâåñíûé óðîâåíü, ñêîðîñòü äîñòèæå-
íèÿ óðîâíÿ ðàâíîâåñèÿ è äèñïåðñèþ ïåðåìåí-
íîé ñîñòîÿíèÿ vt ñîîòâåòñòâåííî. Ñòàíäàðòíîå
áðîóíîâñêîå äâèæåíèå Wt ðàññìàòðèâàåòñÿ â
âåðîÿòíîñòíîì ïðîñòðàíñòâå (;F;P) ñ ôèëüò-
ðàöèåé (Ft)t0.

Â ïðîöåññå OU (1) vt ñòðåìèòñÿ ê ïîñòîÿí-
íîìó äîëãîñðî÷íîìó ñðåäíåìó óðîâíþ  ïðè
ñòðåìëåíèè âðåìåíè ê áåñêîíå÷íîñòè. Åñëè æå
ïðîöåññ çàâèñèò îò âðåìåíè, ýòî óðàâíåíèå ìîæ-
íî îáîáùèòü íà äåòåðìèíèðîâàííûé òðåíä (t),
ââåäÿ íåïðåðûâíûé ñòîõàñòè÷åñêèé ïðîöåññ pt,
îïèñûâàåìûé SDE âèäà

d(pt–(t))=k((t)–pt), dt+dWt.             (2)

Óðàâíåíèå (2) îïèñûâàåò ïðîöåññ pt, îòêëî-
íÿþùèéñÿ îò äåòåðìèíèðîâàííîãî òðåíäà (t)
è âîçâðàùàþùåãîñÿ ê íåìó ñî ñêîðîñòüþ, ïðî-
ïîðöèîíàëüíîé îòêëîíåíèþ. Ïðîöåññ (2) íàçû-
âàåòñÿ òðåíäîâûì ïðîöåññîì OU ñ äåòåðìèíè-
ðîâàííûì òðåíäîì (t).

Äåòåðìèíèðîâàííûé òðåíä (t) ñîäåðæèò,
êàê ïðàâèëî, íåñêîëüêî ïàðàìåòðîâ, êîòîðûå
íåîáõîäèìî îöåíèâàòü ïî äàííûì íàáëþäå-
íèé [3–7]. Â èçâåñòíûõ ðàáîòàõ ïî ìîäåëèðîâà-
íèþ äâèæåíèÿ äèýëåêòðèêîâ òàêóþ îöåíêó ïðî-
âîäÿò èçâåñòíûìè ñòàòèñòè÷åñêèìè ìåòîäàìè,
íàïðèìåð, ìîìåíòîâ èëè ìàêñèìóìà ïðàâäîïî-
äîáèÿ [6,7].

Ïðîöåññ ýëåêòðîôîðåçà ïðè äåòåðìèíèñòè-
÷åñêîì îïèñàíèè õàðàêòåðèçóåòñÿ ïîñòîÿííîé
ñêîðîñòüþ äâèæåíèÿ ÷àñòèö – òàê íàçûâàåìîé
ýëåêòðîëèòè÷åñêîé ïîäâèæíîñòüþ [1,2]. Â ñëó-
÷àå ýëåêòðîôîðåçà ïðåäëàãàåòñÿ â êà÷åñòâå äå-
òåðìèíèðîâàííîãî òðåíäà ïðèíÿòü ëèíåéíûé
òðåíä ñ êîýôôèöèåíòîì, ïðîïîðöèîíàëüíûì
ýëåêòðîëèòè÷åñêîé ïîäâèæíîñòè âåùåñòâà â çà-
äàííîé ñðåäå  [1] âèäà (t)=k1t. Òîãäà SDE (2)
ñîãëàñíî ñòîõàñòè÷åñêèì óðàâíåíèÿì Èòî èìå-
åò ðåøåíèå âèäà

 
t

k t ukt

t 1 0 u

0

p k t p e e dW .
      (3)

Ïðè ïðîèçâîëüíîì p0 àñèìïòîòè÷åñêîå ðàñ-
ïðåäåëåíèå pt ÿâëÿåòñÿ ãàóññîâûì ñî ñðåä-
íèì çíà÷åíèåì k1t è äèñïåðñèåé 1

2=2/2k.
Ðàñïðåäåëåíèå ïëîòíîñòè âåðîÿòíîñòè ïå-

ðåõîäà äëÿ ýòîãî ïðîöåññà â ïðîèçâîëüíûé ìî-
ìåíò âðåìåíè ñîãëàñíî óðàâíåíèþ Ôîêêåðà-
Ïëàíêà èìååò âèä

   x,t y,s
p x, t y,s e ,





  (4)

ãäå 2

1

e
,

4
 



        
2

k s t

1 1x, t y,s k t x k s y e .
      

Ñòàòèñòè÷åñêàÿ îáðàáîòêà ýêñïåðèìåíòàëü-
íûõ äàííûõ äàåò âîçìîæíîñòü ïîëó÷èòü îöåíêè
ïàðàìåòðîâ, ÷òî ïîçâîëÿåò ñòîõàñòè÷åñêè ìîäå-
ëèðîâàòü ïðîöåññ ýëåêòðîôîðåçà. Äàííûå ýëåê-
òðîôîðåçà (ðèñ. 1) ñîãëàñíî ðàçðàáîòàííîé íàìè
ìåòîäèêè [2] ìîãóò áûòü ïðåäñòàâëåíû êàê âû-
áîðêà îòíîñèòåëüíûõ ÷àñòîò êîíòðàñòíîñòè äëÿ
ÿ÷ååê ðàçáèåíèÿ èçîáðàæåíèÿ ïîëîñû è ïðèáëè-
æàþò ýêñïåðèìåíòàëüíóþ ôóíêöèþ ðàñïðåäåëå-
íèÿ âåðîÿòíîñòè (ðèñ. 2).

Ðèñ. 1. Ýëåêòðîôîðåãðàììà ÄÍÊ êóêóðóçû â

ïîëèàêðèëàìèäíîì ãåëå

Ðèñ. 2. Ïðèìåðíîå ðàñïðåäåëåíèå êîíòðàñòíîñòè ïî

ïðîäîëüíûì ñðåçàì ïîëîñû (ñïëîøíàÿ ëèíèÿ –

ïðèáëèæåíèå êðèâîé íîðìàëüíîãî ðàñïðåäåëåíèÿ)
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Äëÿ ôèêñèðîâàííîãî âðåìåíè t çíà÷åíèÿ
k1 è 1

2 îïðåäåëÿþòñÿ êàê ñðåäíåå è îöåíî÷íàÿ
äèñïåðñèÿ âûáîðêè, ÷òî äîñòàòî÷íî äëÿ àíàëè-
çà ðåçóëüòàòîâ ýëåêòðîôîðåçà.

Â ñëó÷àå íåîáõîäèìîñòè ðàññìîòðåíèÿ òðà-
åêòîðèé äâèæåíèÿ ÷àñòèö âåùåñòâà ìîæåò áûòü
ïðèìåíåíà ìåòîäèêà [7].

Âûâîäû
Ïðåäëîæåí ñïîñîá ïîñòðîåíèÿ ñòàòèñòè÷åñ-

êîé ìîäåëè â âèäå òðåíäîâîãî ïðîöåññà Îðíø-
òåéíà-Óëåíáåêà äëÿ îïèñàíèÿ ýëåêòðîôîðåçà
âûñîêîìîëåêóëÿðíûõ âåùåñòâ. Îïðåäåëåíà ôîð-
ìà ìîäåëè ýëåêòðîôîðåçà. Ðàçðàáîòàíà ìåòîäè-
êà ðàñ÷åòà ïàðàìåòðîâ ïîëó÷åííîé ìîäåëè ïî
äàííûì ýêñïåðèìåíòà ïî ðàçäåëåíèþ áåëêîâ.
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ÑÒÎÕÀÑÒÈ×ÍÅ ÌÎÄÅËÞÂÀÍÍß ÅËÅÊÒÐÎÔÎÐÅÇÓ
ÂÈÑÎÊÎÌÎËÅÊÓËßÐÍÈÕ ÐÅ×ÎÂÈÍ Ç
ÂÈÊÎÐÈÑÒÀÍÍßÌ ÏÐÎÖÅÑÓ ÎÐÍØÒÅÉÍÀ-
ÓËÅÍÁÅÊÀ

Îëåâñüêèé Â.²., Îëåâñüêà Þ.Á.

Ìåòîþ ðîáîòè º ðîçðîáêà ñòàòèñòè÷íî¿ ìîäåë³ ó âèã-
ëÿä³ òðåíäîâîãî ïðîöåñó Îðíøòåéíà-Óëåíáåêà äëÿ îïèñó åëåê-
òðîôîðåçó âèñîêîìîëåêóëÿðíèõ ðå÷îâèí. Çäàòí³ñòü åëåêòðî-
ôîðåçó ðîçä³ëÿòè çàðÿäæåí³ á³îëîã³÷í³ ìàêðîìîëåêóëè øèðîêî
çàñòîñîâóºòüñÿ â íàóêîâèõ äîñë³äæåííÿõ, õ³ì³÷íîìó âèðîáíèöòâ³
òà ìåäèöèí³. Íåçâàæàþ÷è íà çàñòîñóâàííÿ äëÿ îö³íþâàííÿ êî-
åô³ö³ºíò³â åëåêòðîôîðåòè÷íî¿ ðóõëèâîñò³ ìîëåêóëÿðíî-ê³íåòè-
÷íî¿ òåîð³¿ ó âèãëÿä³ ñòîõàñòè÷íîãî ð³âíÿííÿ Ëàíæåâåíà ³ âè-
õîäÿ÷èõ ç íüîãî ñï³ââ³äíîøåíü Åéíøòåéíà-Ñìîëóõîâñüêîãî, ùî
âðàõîâóº áðîóí³âñüêèé ðóõ ÷àñòèíîê ñåðåäîâèùà, ö³ ìîäåë³ çà-
ëèøàþòüñÿ äåòåðì³í³ñòè÷íèìè. Òàê³ ìîäåë³ íå äîçâîëÿþòü
äîñÿãòè íåîáõ³äíî¿ òî÷íîñò³ ïðè îïèñ³ åëåêòðîôîðåçó âèñîêî-
ìîëåêóëÿðíèõ ðå÷îâèí, îñîáëèâî ïðè àíàë³ç³ ¿õ â³äì³ííîñòåé.
Ïðîöåñ Îðíøòåéíà-Óëåíáåêà º ºäèíèì íåòðèâ³àëüíèì ñòàö³-
îíàðíèì ãàóñîâèì ìàðêîâñüêèì ïðîöåñîì ³ ìàº âëàñòèâ³ñòü ïî-
âåðíåííÿ äî ñåðåäíüîãî. Öå ñïðèÿëî éîãî âèêîðèñòàííþ ó ô³íàí-
ñîâ³é ³íæåíåð³¿. Â äàíèé ÷àñ ïðîöåñ Îðíøòåéíà-Óëåíáåêà âèâ-
÷åíèé äîñèòü ãëèáîêî ³ ñòàíîâëÿòü ³íòåðåñ éîãî ð³çí³ ìîäèô³-
êàö³¿ ³ óçàãàëüíåííÿ, çîêðåìà òðåíäîâèé ïðîöåñ Îðíøòåéíà-
Óëåíáåêà. Òðåíäîâèé ïðîöåñ Îðíøòåéíà-Óëåíáåêà îïèñóº ñòî-
õàñòè÷íèé ïðîöåñ, ÿêèé â³äõèëÿºòüñÿ â³ä äåòåðì³íîâàíîãî òðåí-
äó ³ ïîâåðòàºòüñÿ äî íüîãî ç³ øâèäê³ñòþ, ïðîïîðö³éíîþ â³äõè-
ëåííþ. Äåòåðì³íîâàíèé òðåíä ì³ñòèòü, ÿê ïðàâèëî, ê³ëüêà
ïàðàìåòð³â, ÿê³ íåîáõ³äíî îö³íþâàòè çà äàíèìè ñïîñòåðåæåíü.
Ó â³äîìèõ ðîáîòàõ ç ìîäåëþâàííÿ ðóõó ä³åëåêòðèê³â òàêó îö³-
íêó ïðîâîäÿòü â³äîìèìè ñòàòèñòè÷íèìè ìåòîäàìè, íàïðèê-
ëàä, ìîìåíò³â àáî ìàêñèìóìó ïðàâäîïîä³áíîñò³. Ó ðàç³ åëåêò-
ðîôîðåçó ïðîïîíóºòüñÿ â ÿêîñò³ äåòåðì³íîâàíîãî òðåíäó ïðèé-
íÿòè ë³í³éíèé òðåíä ç êîåô³ö³ºíòîì, ïðîïîðö³éíèì åëåêòðîë³-
òè÷í³é ðóõëèâîñò³ ðå÷îâèíè â çàäàíîìó ñåðåäîâèù³. Ñòàòè-
ñòè÷íà îáðîáêà åêñïåðèìåíòàëüíèõ äàíèõ äàº ìîæëèâ³ñòü îò-
ðèìàòè îö³íêè ïàðàìåòð³â, ùî äîçâîëÿº ñòîõàñòè÷íî ìîäåëþ-
âàòè ïðîöåñ åëåêòðîôîðåçó. Âèçíà÷åíî ôîðìó ìîäåë³ åëåêòðî-
ôîðåçó, ðîçðîáëåíà ìåòîäèêà ðîçðàõóíêó ïàðàìåòð³â îòðèìà-
íî¿ ìîäåë³ çà äàíèìè åêñïåðèìåíòó ç ðîçä³ëåííÿ á³ëê³â.

Êëþ÷îâ³ ñëîâà: ïðîöåñ Îðíøòåéíà-Óëåíáåêà,
åëåêòðîôîðåç, âèñîêîìîëåêóëÿðí³ ðå÷îâèíè, á³ëêè.
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STOCHASTIC MODELING OF HIGH-MOLECULAR
SUBSTANCES ELECTROPHORESIS USING THE
ORNSTEIN-UHLENBECK PROCESS

Olevsky V.I. a, Olevskaya Yu.B. b,
a Ukrainian State University of Chemical Technology, Dnipro,
Ukraine

b Dnipro Polytechnic, Dnipro, Ukraine

The aim of the work is to develop a statistical model in the
form of the Ornstein-Uhlenbeck trend process for describing the
electrophoresis of high-molecular substances. The ability of
electrophoresis to divide charged biological macromolecules is widely
used in scientific research, chemical production and medicine. Despite
the use of the molecular-kinetic theory for estimation of the coefficients
of the electrophoretic mobility in the form of the stochastic Langevin
equation and the Einstein-Smoluchowski relations emerging from it,
which takes into account the Brownian motion of particles of the
medium, these models remain deterministic. Such models do not
allow one to achieve the required accuracy in the description of
electrophoresis of high-molecular substances, especially when
analyzing their differences. The Ornstein-Uhlenbeck process is the
only non-trivial stationary Gaussian Markov process and has the
property of returning to the average. This contributed to its use in
financial engineering. At present, the Ornstein-Uhlenbeck process
has been studied quite deeply and various modifications and
generalizations are of interest, in particular the Ornstein-Uhlenbeck
trend process. The Ornstein-Uhlenbeck trend process describes a
stochastic process that deviates from the deterministic trend and
returns to it with a speed proportional to the deviation. Deterministic
trend, as a rule, contains several parameters that must be estimated
from observational data. In well-known works on modeling the motion
of dielectrics, such an estimate is carried out by well-known statistical
methods, for example, by method of moments or maximum likelihood
estimation. In the case of electrophoresis, we propose to adopt a
linear trend with a coefficient proportional to the electrolytic mobility
of the substance in a given environment as a deterministic trend.
Statistical processing of experimental data makes it possible to obtain
parameter estimates, which allows stochastically simulating the process
of electrophoresis. The shape of the electrophoresis model has been
determined, and methods have been developed for calculating the
parameters of the obtained model according to the data of an
experiment on the separation of proteins.

Keywords: Ornstein-Uhlenbeck process, electrophoresis,
high-molecular substances, proteins.

REFERENCES

1. Slater G.W., Guillouzi, S., Gauthier M.G., Mercier
J.F., Kenward M., McCormick L.C., Tessier F. Theory of DNA
electrophoresis. Electrophoresis, 2002, vol.23, pp.791-816.

2. Olevskyi V.I., Smetanin V.T., Olevska Yu.B. Fuzzy
method of recognition of high molecular substances in evidence-
based biology. AIP Conference Proceedings, 2017, vol.1895,
pp.070003-1–070003-9. DOI: 10.1063/1.5007392.

3. Lasky P., Ditlevsen S. A review of the methods for
signal estimation in stochastic diffusion leaky integrate-and-fire
neuronal models. Biol. Cybern., 2008, vol.99, pp.253-262.

4. Lo A., Wang J. Implementing option pricing models
when asset returns are predictable. J. Financ., 1995, vol.1, pp.87-
129.

5. Lucia J., Schwartz E. Electricity prices and power de-
rivatives: evidence from the Nordic power exchange. Rev. Deriv.

Res., 2002, vol.5, pp.5-50.

6. Rujivan S. A closed-form formula for the conditional
moments of the extended CIR process. J. Comput. Appl. Math.,

2016, vol.297, pp.75-84, DOI:10.1016/j.cam.2015.11.001.

7. Deng Y., Barros A., Grall A. Residual useful life esti-
mation based on a time-dependent Ornstein-Ulenbeck process.
Chem. Engineer. Trans., 2013, vol.33, pp.325-330.

8. Vasicek O. An equilibrium characterization of the term
structure. J. Financ. Econ., 1977, vol.5, pp.177-188.

9. Wilhelm M., Winter C. Finite element valuation of swing
options. J. Comput. Financ., 2008, vol.11, pp.107-132.

10. Zhang B., Grzelak L., Oosterlee C. Efficient pricing of
commodity options with early-excercise under the Ornstein-
Uhlenbeck process. Appl. Numer. Math., 2012, vol.62, pp.91-111.


