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VJIK 519.85
Kocoaan A.U.

BBIITYKJIAA PEJIAKCAIIA B MHOT'OODKCTPEMAJIBHBIX 3AJTAYAX
I'BY3 «YkpauHcKuii rocy1apcTBeHHbI XUMHUKO-TEXHOJOTHYECKUIi YHUBEpCUTET», T. JIHenp

B naHHOIT paboTe paccMaTpMBalOTCSI MHOTO3KCTpeMajbHbIE 3aJaud B KOHEYHOMEPHOM
eBKJIMI0BOM TpocTpaHCTBe. OHM BO3HMKAIOT MPU MaTeMaTUYECKOM MOJEIMPOBAHUU
CJIOXKHBIX CUCTEM B 9KOHOMUKE, (DpMHAHCaX, YIpaBJIeHUN, TEXHOJIOTMUYECKUX TIpolleccax,
Ha TpaHCIOpTe, MPOEKTUPOBAaHUM, UH(pOpMATUKEe U Apyrux obnactsax. M3BecTHO, 4To K
9TOMY KJIacCy 3ajiay IMpeoOpasyroTcsl MTMCKPETHBIE 3ajauM, a TakkKe 3adaud pelieHMs
HEJIMHEHBIX YpaBHEHUI U IpyTrue MpUKIaaHble 3a1aun. B HacTosiiee BpeMsl s peltie-
HUSI MHOTO3KCTpPeMaJIbHBIX 3a7au pa3paboTaHbl METO/IbI BETBEH 1 TPaHUIL, MOJIYOIpee-
JICHHOE TpOrpaMMUpPOBaHUE, ABOMCTBEHHbBIE METO/bI, TEHETUUECKUE 1 BBOJIIOIIMOHHBIE
METOIbl U MHOTHE JIpyrue. DTU METONbl UCIIONB3YIOTCS IJISl PELIeHUsT MPUKIJIaIHbIX 3a-
Ja4, a TakXe JUISl pellieHUs] MHOTOUYMCJEHHBIX TECTOBBIX 3a1a4y. MHOTOYMCIEHHbIE KC-
MEePUMEHTBI MMOKAa3bIBAIOT, YTO TOJIBKO JIJISI HEKOTOPBIX TECTOBBIX 3a/1au CYIIECTBYIOIINE
METO/IbI TTO3BOJISIIOT HAXOAUTh ONTUMAaJIbHbIEe pelieHus1. OQHAKO 3TU METOIbl HE rapaH-
TUPYIOT MOJlyYeHUE HAWJIYUIIMX PelleHUi B MPUKIAIHbIX 3a1avyax. Boinmykiiasi penakca-
1IMsI MHOTO9KCTpeMaJIbHbIX 3a/1a4 MTO3BOJISIET ITpeo0pa3oBaTh MX K BBITYKJIBIM OJHO3KCT-
peMajibHbIM 3a1avyam. /{11 HEKOTOPhIX MHOTO9KCTPEeMaJIbHBIX 3aa4 Takoe Ipeodpa3oBa-
Hue OyzneT TouHbIM. 17151 TTosTyonpene/ieHHOM ONTUMU3AalM 3TO OyeT Toraa, Korjaa Haii-
JIEHHasl MaTpulla UMeeT paHT eauHMILy. [t ABOMCTBEHHOM pejiakcalliu, KOrjaa pa3pbiB
JIBOMCTBEHHOCTU paBeH Hy/10. B o61ieM ciyuyae, BblTyKJias pejakcaiysi mo3BoJjsieT Mo-
JIYUUTh TOJIKO OLIEHKY ONTUMAaJbHOTrO peliieHus. Mcronb3ytoTcs: pa3inyHble BUIbI Bbl-
MYKJIOW pejlakcallMu: MOJIyolpeaesieHHasl, JarpaHXeBa JBOWCTBEHHOCTb, TOYHAsI KBaI-
patnuHas peryiasgpusanus, reformulation-linearization Texauka. Hambonee adpdexTun-
HBIM CITOCOOOM BBITTYKJION peslakcalliy sIBJISIETCS] TOYHAs KBalpaTUYHasl peryjsipu3aliusi.
IIpu ee ucronb30BaHUM TOJy4aeM HauOoJiee IIMPOKUI KJIaCC MHOTO3KCTPEeMasbHbIX
3a/1a4, JJIs KOTOPOTO BBIyKJIasl pejakcauusi OyneT TOYHOM. DTo gocturaercs npeodpa-
30BaHUEM MCXOMHOM 3aJauM ¢ TOCJIEAYIOIeM CMEIIeHHEeM TpocTpaHCTBa. DPheKTUB-
HOCTbh TOUHOI KBapaTUYHON PETYJISIpU3aLMU TTOATBEPXKIAETCS MHOTOUMCIEHHBIMU 3K-
criepuMeHTaMU TIpU PEeIIEHUU TECTOBBIX M MPUKIIAAHBIX MHOTO9KCTPEMAaJIbHBIX 3a/1ay.

Kmouesbie ciioBa: MHOT'O9KCTPEMAJIbHBIC 3ala4yU, BBIINMYKJIad pelakCalus, IMOJyOIpeac-
JICHHas ONITUMMU3alusd, HarpamKeBa JIBOMCTBEHHOCTb, TOUHAsl KBaApaTU4YHasl peryiaspu-
3alus.

TOYKE, TO B HEll JOCTUTACTCSI MUHUMYM (PYHKIIUN.
st oTpuLiaTeIbHO OIpeneJIeHHBIX MaTPHUIl ITOJTy-
YyaeM TOYKM Makcumyma. st HeollpeaeeHHBIX
MaTpull — ceIjIoBble TOYKMU. Ecim MaTpunbl Hyse-

Ilocmanoeérxa npobaemvt u anaiu3 nocaeoHux
uccaedosanull u nyboauxauui

Knaccnyeckuii MaTeMaTUUECKUIA aHAJIU3 T10-
3BOJISICT MCCJIEIOBATh IToBeaeHMe nuddepeHInpy-

eMbIX (PYHKLMIA B OKPEeCTHOCTU TOuku. B akcTpe-
MaJIbHBIX TOUKAX rpaaueHT (yHKLUMU paBeH HYJIIO.
DTN TOYKH MOTYT OBITH TOYKAMU MUHUMYMa, MaK-
CUMyMa WJIM CeIJOBBIMM TOuKaMu (pyHKumu. s
UISHTU(UKALMN 3TUX TOUYEK HCMOJb3YIOTCSI BTO-
pble YacTHBbIE TPOMU3BOAHBIC (PYHKIIMM, KOTOpPBIE
00pa3oBbIBAIOT KBajgpaTHbIe MaTpullbl. Eciu Takas
MaTpulia TOJOXUTEIbLHO OMpenesieHHass B JaHHOM

© Kocoman A.H., 2018

BBI€, TO BTOPHIX IPOM3BOIHEIX HEJOCTATOYHO IJIS
OIIpeNe/ICHUS TUTIA SKCTPEMaIbHOM TOYKM. 3amada
OIIPENeICHUS SKCTPEMAILHBIX TOUEK YCIOXKHSIETCS
MIpY HAIMYUY OTpaHUYEHUI Ha TIepeMeHHbIe (PyH-
Kuuii. B atom ciydae crposat ¢pyHkmuio Jlarpanxa,
3aBUCSIIYI0O OT HEOIIpedeIeHHBIX MHOXUTENEH, 1
TaKMM 00pa3oM CBOJST 3a1auy OoInpeaeaeHus dKCT-
peMaJIbHBIX TOYEK K UCCaeaoBaHnI0 pyHKImM Jlar-
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panxa. Ecau ¢pyHKUMS ©MEEeT MHOTO 3KCTpeMalib-
HBIX TOYEK, TO CPEACTBAMU KJIACCUUYECKOI0 aHaIu-
3a MILYTCS BCe IKCTPEMaJIbHbIe TOYKHU U CPpeAr HUX
HaXOIAT HAWJTYYIIIYIO — TJIO0ATBHBIN MUTHIUMYM WITH
MakcuMyM (GyHKIuUu. Hudero sydiiero He ObLIO
MPeIJIOXKEHO 10 CepeluHbI Mpouoro Beka. OnHa-
KO MOSIBUJIOCh MHOTO TIPUKJIAMHBIX 3a7a4, MaTeMa-
TUYECKHE MOJIEJIM KOTOPBIX colepKaTr 2" wiu n! jio-
KaJIbHBIX 9KCTpeMyMoB. [Tepedop Bcex akcTpeMab-
HBIX TOUYEK B TaKHUX 3aJadyax HeBO3MoxXeH. [Toato-
My B paMKax KJIaCCUYECKOIo aHajan3a peluThb Mpo-
OyieMy I100aJbHOTO 3KCTpeMyMa HEBO3MOXHO.

3a mocnennue 30 ObIIO pa3pabOTaHO MHOTO
METOMIOB IS pellleHNsT MHOTO3KCTPeMabHBIX 3a-
Jad. OTo METONbl BeTBeil U rpaHull [1], moayorpe-
JieJIEeHHOe TporpaMMupoBaHue [2], ABOWCTBEHHbIE
MeTOonbI [3], TeHeTUUEeCKEe 1 3BOJIIOLIMOHHEIE all-
roputMmhl [4], reformulation-linearization TexHu-
Ka [5]. OmHako 3(p(PeKTUBHOCTL 3TUX METOMIOB CYy-
LLIECTBEHHO MajaeT Mpy YBEJIMYEHUN PA3MEPHOCTU
3agauu. [Iporpecc B pelieHUM MHOTO3KCTpeMasb-
HBIX 3aJa4 MOXET OBbITh 00ecIieueH MOCpPeICTBOM
npeodpa3oBaHMsl MHOTO3KCTpEMaJbHBIX 3amay K
OHOKCTPEMATBHBIM BEITTYKJTBIM 3aIauyaM.

3HAYNUTEILHBIM TIPOTPECCOM B TEOPHU BK-
CTpeMaJIbHbIX 3ajay sBUJIach pa3paboTKa BbIMYK-
Jioro aHanusa [6,7]. belto TTOKa3aHO, YTO BBHIMTYK-
Jible PYHKLUU coAepXkKaT TOJIbKO OJHY 3KCTpeMallb-
HYIO TOUKY. DTO YCJIOBHUE COXpaHSIeTCS U JJISI MU-
HUMyMa BBITTYKJION (PYHKIIMHM Ha BBIITYKJIOM MHO-
xecTBe. OCOOEHHOCTBIO BBIMYKJIbIX (DYHKUMIA SIB-
JISIETCS TO, YTO €€ BapMallusl B OKPECTHOCTU TOYKU
HapylllaeT €€ BBINMYKJIOCTh. bbLIO TMOKa3aHO, 4YTO
OYeHb MHOTME MaTeMaTU4yecKre MOJEIN MPUKIIa-
HBIX 3aa4 MOXHO TIPEICTaBUTh ajreOpayeCcKIMMI
BBIPAXXEHUSIMUA BBINYKIBIX (QyHKIMi. Hampumep,
IMUPOKUM Kiacc (PYHKIUA MOXHO TIPEICTaBUTh
Pa3HOCTBIO IBYX BBIMYKIIBIX (hyHKIINHI. Takme Kirac-
cbl 3a1a4 HazbiBatoTcst DC ontumusauueit [7]. Tak-
K€ IIUPOKUM KJIACCOM 3a1ay SIBJISIIOTCSI BBITTYKJIble
3aJ1a4M C OTHUM OOpaTHO-BBIMYKJIBIM (reverse convex)
orpaHnmyeHueM [1] 1 3agayy BBITYKIION MaKCHUMU-
3allMM Ha BBIMyKJIOM MHOXecTBe [1]. s aTux Kiac-
COB 3ajiay ObUIM pa3paboTaHbl aJrOPUTMBI TTOMCKA
100aJbHOTO 3KCTpeMyMa, HO OHU OKa3aJluCh He-
adPexktuBHBEIME. [IpobiieMa B TOM, UTO 3TH 3agaun
MOTYT UMETh TaKO€ K€ YMCJIO JIOKAJIbHBIX 3KCTpe-
MYMOB, 4TO ¥ MCXOAHBIC 3agaun. Harmrydmmm pe-
LIeHWeM ObLJI0 Obl Mpeodpa3oBaHEe MHOTO3KCTpe-
MaJIBHBIX 3a/1a4 K BBIITYKJIBIM OTHO3KCTPEMAaTbHBIM
3agadyaM. YacTUYHO 3TO JOCTUTAETCS MOCPEICTBOM
BBINYKJION peslakcaluu. Takoe mpeoOpa3oBaHUeE
MO3BOJISIET TOJYYUTh BHIMYKIIYIO 3aAa4dy, pelleHue
KOTOPO# COBMAAAET C PellIeHUeM MCXOIHOU 3a1aun

WA SIBJISIETCS €T0 OIEHKOM.

Llenpro MaHHOM CTATBM SIBJIAETCS MCIOIB30-
BaHWE BBITTYKJIBIX peJlaKCalllil IJIsT peIlieHUsT MHO-
TOBKCTPEeMAaTbHBIX 3afad. bymer mokaszaHo, 4To JIyd-
IIAM CPEICTBOM ISl PEIICHMS 3TOTO Kilacca 3amad
SIBJISIETCST pa3paboTaHHAsT aBTOPOM TOYHAsT KBaapa-
TUYHas peryasipusauus [8].

Ilocmanoska 3adauu u ee pewenue

3amaya ONTUMM3ALNY B KOHECYHOMEPHOM TIPO-
CTpPaHCTBE CBOIUTCSA K TTOMCKY:
min{f (x)|f(x)<0,i=1,..., m, xeE"}, (1)
rae Bce fi(x) — nBaxnbl nuddepeHLupyemMblie GyH-
kuuu, a E' — eBkimmosoe mpoctpaHcTBo. Takas
3amaya MOXeT MMETh MHOTO JIOKAJTbHBIX MUHUMY-
MOB. OOBIYHO paccMaTpPUBAIOT KJIACCHI TaKWUX 3a-
mad. JIoCTaTOYHO HIMPOKUM KJIACCOM SIBIISIIOTCS
o01IMe KBagpaTUUHBIC 3ada9y MW 3a0adM C TIOJI-
HOMUAJTBHBIMA (PYHKIUSIMH. DT KJIacChl TaKXkKe
MHOTO3KCTpEeMaJIbHBIC, HO IUTS UX pEIIeHUS MOXET
OBITH MCTIOJIb30BaHA BBIMTYKJIasl pejlaKcallusl.

Tlonyonpedenennas peaakcayus

OO01yIo 3agauy KBagpaTUIHON ONTUMMU3ALAN

T T T T
. | X Ax+byx|x Ax+b/x<c,
miny ;
1=1, .., m

(2)

rae A, — CMMMETpUYHad Matpuua (nxn); A, — cum-
MeTpuyeckre MaTpulibl (nxn); b, d — BeKTOpHI pas-
MEPHOCTHU N; C — BEKTOP Pa3MEPHOCTU M; X — BEK-
TOp MEPEMEHHbIX PA3MEPHOCTU N, MOXHO MPeod-
pas3oBaTh K BULY:

A xX|A xX=0,i=1,...,m, 3)

min )
[[xX=1, X>0
1Y (1 X
rie X = = ,
X\ X X xx'
0
0O 0 ... 0
I, = ,
0 O 0

Convex relaxation in multiextremal problems
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b
—c. — T
i 1 x
X Ax+b/x—¢, = 2 |« =
b, X XX
2 1
b!
—c, - ~
2 IxX=A xX, i=0,L..,m,
—+ A

OMpeaeisieT CKaISIPHOE TMPOU3BEAEHUE MATPMUII.
IIpeoOpa3oBanHas 3amada (3) OyneT 3KBUBAJICHT-
Hol 3amaue (2), eciu X — IOJIyoIlpeneJeHHas MaT-
puua panra eguHuua. Ecau X — MaTpuia npous-
BOJILHOTO paHra, To 3a1ada (3) CTaHOBUTCS BBHITYK-
JIOM M Jerko pemaemoil. OgHaKo HalIeHHOe pe-
leHue OymeT coBmajgaTh C pelleHueM 3agadu (2)
TOJIBKO B TOM CJIyYyae, KOraa paHr HalJeHHOW Mart-
puuibl X OyAeT paBeH eduHMlle. B npyrux ciydasx
OyZeT TojydeHa HUXXHSS OlleHKa 3HAaYeHUs lesie-
Boil (yHKLMK. Pelrenue 3agaum (3) OygeT MMeTh
paHr 1, ecim OHO OOCTUraeTcs B KpailHeil TouKe
BBIITYKJIOTO KOHYyca X>0.

K xBampaTuyHBIM 3a1a4yaM IpeoOpa3OBbIBAIOT-
cs TaKXe TMOJMHOMMAIbHBIE 3aJauv MOCPEICTBOM
MOHVIKEHMS CTENEHU (QYHKLUMIA 3aMEHOM Z=XX; U
z=x;>. Takoe mpeoOpazoBaHNUE YBEJIUUMBAET YUCIIO
OrpaHUYECHUI 3aJa4u, HO MO3BOJISIET Mpeodpa3o-
BaTh MOJIMHOMUAJIBHBIE 3a1aul K KBapaTUUYHBIM.

Eciu orpanuuyenwus B 3agauu (2) SIBISIOTCS
JIMHEWHBIMU, TO WX TOJYyOIpeaeseHHas peJlakca-
s OyaeT TouHoil. B pe3ynbrate penieHueM 3ama-
gy (3) Oymer goImycTuMasl Touka 3agadyu (2).

B HEKOTOpPBIX YaCTHBIX CiyYyasix MOJyoTlpeae-
JIeHHas penakcanus oyneT TouHoit. Ilycts P — mps-
MOYTOJIBHBIM MapaJuleJenuIien, KOTOPbIA Mpeacra-
BUM B BUJE:

P={x| (x-a))(x-b,)<0, i=1,...,n}.

CnpaBelJINBO Clieaylollee YTBepKIeHUE.
Teopewma 1. Iloayonpedenennas peaakcauus 04s
KeadpamuuHol 3adauu
(4)

max{Htz\xeP}

A6451emcsi MOYHOLL.

Hoka3zateabcTBo. JIOMmycTUM MPOTUBHOE, YTO
paHr MaTpullbl X (COOTBeTCTBYIONIEH 3amaun SDP)
6onpllle eMUMHUILI M paBeH K. Tak Kak orpaHmde-
HUS 3amauu (4) He3aBUCHUMBI, TO JOCTATOYHO pac-
CMOTpPETh MepBoe orpaHndeHue 3agadyn SDP:

0 —(a,+b,)/2
—(a, +b,)/2 1
1 x 1 x
x A EIE ¥ ||=-ab,.
X1] X]1 X]k Xlk
Otkyna

2 2
x;, —(a, +b)x,, +...+x;, —(a, +b))x,, =-ab,.

PaccMoTpuM pyroe BBITTYKII0E MHOXKECTBO —
CHUMITIEKC, KOTOPHIN 3amaavM CIEAYIOINM 00pa-
30M

D={x|x,(x;-a)<0, i=1,...,n, c'x=1}.

15T 5TOTO BBIMYKIIOTO MHOXKECTBA CIIPaBEII-
JIUBO aHAJIOTUIHOE YTBEPXKICHHE.

Teopewma 2. Iloayonpedenennas peaakcauus 041
Keadpamu4HoOU 3adauu

2

max {|| x[|"| x € A} (5)
A641emcsa Mmo4HOU.

HokazaTteabcTBo. PaccMoTpuM orpaHuyeHust

0.0 —-a/2 0..0
I x; X,..X,

0 0 <0

X[ X, Xy, XppeeX,, |20,
~a/2 0.1 0.....0 Lo R
0 o o ) T
0 ¢ /2 ¢c,/2...¢,/2) (1 x, x,...X,
C, /2 O 0 [X]| X, X;; XXy, [=1.

Chvi OIrpaHNMYCHUA PAaBHOCWUJIbHBI OI'paHUYC-
HUAM:
X, —ax, <0,1=1..,n;

C,X, +C,X, +...+¢ X, =1

COOTBeTCTBeHHO. IlycTh pellieHue COOTBETCTBYIO-

Kosolap A.I
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me 3agaun SDP mocturaercsa B Touke X, TOTIa
n n
a.
x=) = Ya =1a>0.
i1 ¢ izl
Tenepp 3anaya SDP paBHOCUIbHA ClieayloLIei

n

max{> %S0 =1, a0},
i=1

i-1 G

1

Pemenue s1oit 3amaun paBHO

1
X = )
min Ci
HO Toraa
1
X =a— 5
min Ci

OTKyJa cjenyeT, 4To B oOlleM ciydae, xi * Xy -
OTO 03HAYaeT, YTO paHTr MaTpulibl X OyIeT paBeH
2, HO MoJylyonpeAeieHHas pejakcaluys OyaeT Tou-
HOM, TaK KakK pelleHue 3amadyum (5) ompenessieTcs
nepBoi cTpokoit Matpulibl X. Teopema gokKa3aHa.

3ameuaHue. B oTanuue oT mapasniesienurena,
IJTIST CUMITJIEKCa COOTBETCTBYIONIAs 3agadya SDP Oy-
JIeT UMETh paHT 2. DTO O3HAYaeT, YTo TpeOOBaHUE
paBeHcTBa Matpulsl 3agauyn SDP panry eqmHuUIIEbL,
MpY KOTOPOM MOJIyoTpeAesieHHas pejlakcauus 0y-
IIeT TOYHOM, ABIIETCS TOJIBKO JOCTATOYHBIM, HO HE
HEOOXOIUMBIM YCJIOBUEM.

PaccMoTpeHHBIE TIpUMEpHI ABISIOTCS TOCTa-
TOYHO TIPOCTBIMH, XOTSI I MHOTO3KCTPEMAaTbHBIMU
3agadyamu. Borpoc o BbiAeneHUN Moakiacca Mpu-
KJTaTHBIX MHOTO3KCTPEMAaNbHBIX 3amay ISl KOTO-
PBIX MOJIyonpeaesieHHasl pejakcalus 0yaeT TOUHO!
SIBJISIETCST OTKPBITHIM.

Teopus deoiicmeeHHoCmu 0451 MHO20IKCMPEMAab-
HbIX 30044

Teopust TBOMCTBEHHOCTH 3aHUMAET LIEHTPAJTb-
HOE€ MECTO B JIMHEMHOW U BBINYKJIOKM OINTUMHU3A-
muur. YacTo perreHre TBOMCTBEHHOM 3amadyn sIBJISI-
ercs OoJjiee MPOCTbIM, U ONTHUMAaJbHOE pelIeHNe
JIBOMCTBEHHOM 3ala4M ITO3BOJISIET ONPEHACIUTb pe-
IIeHne TIpAMOi 3amaun. Teopnio TBONCTBEHHOCTH
KCIIOJB3YIOT TIpU pa3paboTke 3 (HEKTUBHBIX METO-
OB peIleHUs JWHEWHBIX M BBIMYKJIBIX 3amady. B
HacTosiiee Bpems Harnbosee 3(pheKTUBHBIM METO-
JTIOM pelIeHUS IMHEWHBIX 1 BBITTYKITBIX 3a1a4 OTITH -
MM3alUN SIBISIETCS TIPSIMO-IBOMCTBEHHBIN METOM
BHYTpeHHel Touku [9]. [TpernmyiecTBo 1BOVCTBEH-
HOCTH 3aKJIIOYaeTcsl B TOM, YTO JBOMCTBEHHas 3a-

nmada OymeT BBINYKIION M OJHOIKCTpEeMaJbHOM U B
TOM cJIydae, KOorjaa IpsiMas 3agada OyeT MHOTO3K-
crpeManbHOM. OmHAKO MPU pellleHU MHOTO9KCT-
PEMAJIbHBIX 33724 BO3HUKAET Pa3pbiB JIBOUCTBEH-
HocTH. B 3TOM ciyyae 3HaYeHMS LeJeBBIX (HYyHK-
LM IpsIMOMN M IBOMCTBEHHOM 3aa41 B ONITUMAJIb-
HOM TOYKe He coBIamaioT. IlosToMy IBOMCTBEH-
HOCTb SIBJISIETCS BBINIYKJIOW pejlakcalien IpsMon
3a/1a4YU.

PaccmoTpuMm oOuiyro 3amadyy KBagpaTUUHOM
OINITUMU3ALIUN:

min{x"A,x +b,x | x'Ax+b/x+¢, <0,

(6)

i=1,..m, xeE"},

IIe Bce MaTpuibl A, — CUMMETPUYHBIE, b, X —
Nn-MepHbIe BEKTOPBI €BKINI0BOro IpocTpaHcTsa B,
¢, — uncna. Bygem mpenmosaratb, uto 3amada (6)
nMeeT pelieHne. Mcmonb3yeM TOYHYIO KBaIpaTu-
YHYIO peryiaspu3anuio [8] mis mpeodpa3oBaHus 3a-

ma4yn (6) K BUAY

max{||z || x"Ax+byx +s+(r—1) | z|’<d,

™)

x'Ax+b/x+c +r|z|’<d, i=1,..,m},

re BeKTOp Z=(X, X,4;), MApaMeTP S yAOBJIETBOPSIET
YCJIOBUIO

* 10 *T * T  *
s2[x |"—x Ax —byx,

rme X — pelreHue 3agadn (6), a mapametp r>0 BBI-
OupaeTcs TakuM, 4YToObl MaTpulibl A, +(r—1)I, A+rl,
i=1,...,m OBIIM ITOJIOKUTEILHO OIpeeICHHbBIC, Ie
I — enuHuyHas Matpuua. s 3Toro gocTaTo-4HO
HaWTM MMHUMAaJIbHOE 3HAYeHUE T, YIOBJIETBOPSIIO-
1ee yCIOBUSIM

al+r> Y |al [+], Vi, ],

Vk#j

(8)

rae a}k — 2JIeMeHTBI MaTpuLbl A,. [1pu BBIMOTHE-
HUM YCIOBU (8), 1OMYCTUMOE MHOXECTBO 3a1auM
(7) OyneT BBIMYKJIBIM.

B 3amaue (7) HeoOxoaMMO HAWTU MUHUMAJb-
HO€ 3HaueHue nepemeHHoit d=d, npu KOTOPOM
ee pellleHne Z° yIOBJIETBOPSIET YCIIOBUIO r”z" =d_, .
Takoe 3HaueHue d,;,, OyaeM HaXOAUTb METOIOM AU~
XoToMuM. PemrmM 3amauy BRIMYKIION ONTUMU3ALINT

max{d|x"Ax+b;x+s+(r-1)| z|’<d,
x"Ax+b/x+c +r|z|’<d,

i=1,..,m, r||z|f<d}.

Convex relaxation in multiextremal problems
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Ecim st ee peinenust (2% d,) BBITONTHSIETCSI
YCJIOBHUE r||z°| =d,, To 3agaua (6) peuieHa u ee pe-
meHue X =x' [6]. B mpoTuBHOM ciy4ae, ecinm
r"ZO"2 =d, ,Oynem yBeqnunBaTh 3HAYCHUE TIePEMEH-
Hoit d=d,+h (h>0) u w19 Kaxaoro Takoro 3Haye-
Hus d pewats 3agavy (7). [1pu yBenuyenuu d 3Ha-
yeHue r||z||2—d OyIeT MOHOTOHHO BO3pacTaTh.
IMo3TOMYy MeTOIOM IMXOTOMMM JIETKO HAWTH 3Ha-
yeHue d, I KOTOPOTO OYIeT BEITTOTHATHCS PaBeH-
CTBO r||z||2 —d. Ecnu HaiinenHoe 3HaueHue d mu-
HUMaJIbHOE, TO 3ajaya (6) peleHa. B mpoTuBHOM
cyJae, HaiiieHa TOJBKO TOYKA JIOKAJBHOTO MaK-
cumyma 3agauu (7). Takum obpa3oM, HJIs1 HAXOX-
JIeHWs MUHUMAaJbHOTO 3HauyeHUS d HeoO6XOXMMO
HaXOIWUTh TOYKY TIIOOATIBHOTO MaKCUMyMa B 3aade
(7). Inst 5TOrO0 BOCTONB3YeMCS NBOMCTBEHHBIM Me-
TOMIOM.

IMoctpoum mis 3anauu (7) pyHkiuio JlarpaHxa

L(z,A) = z | —Ay(x"Ayx +byx +s+
+r =D z|f -d)-

—Zki(xTAierbiTerci +rz| =d).

i=1

BBeneM o603HaUYEeHUS

QU = A=k (= -3 1= S R A

b(L) =—Aeb, — D by

i=1

e(M) =~y (s—d) = Y0, — ),

TOTaa

L(z,\) = ZTQO\,)Z +b' M)z +c(r). 9)
B Touke makcumyma rpaaueHT pyHkiyu Jlar-
panxa (9) paBeH HyJIO, OTKyAda HaXOAUM

20.) = —%Q“ (ML), (10)

ITocne momcTaHOBKU HAWIEHHOTO 3HAYEHWUS
z(A) B ¢yHkuuo Jlarpanxa (9), mojsyuuM aBOM-
CTBEHHYIO (DYHKIIUIO:

g = —%bT (MQ™ (Wb +e()

U JTBOMCTBEHHYIO 3a1a4y:

min{g(A)|A >0} . (11)

3agaua (11) mMmeer pemieHue, eciad QyHKIIMS
g(X) — Bemmykyasg. s 3TOro JOCTaTOYHO, YTOOBI
Marpuiia — Q(A) Oblaa MOJOXUTEIbLHO OMpeaesieH-
Hoii. Eciu mapameTp r yIoBJaeTBOPSIET yCJIOBUIO (8),
TO JOCTATOYHBIM YCJIOBUEM TOJIOXUTEILHON OIpe-
JIefeHHOCTH MaTpullbl — Q(A) OyneT

s
i=0

Hnsa ueneBblx GyHKuMi npsaMoit (7) u aBori-
cTBeHHON 3amaun (11) crpaBeaMuBo paBeHCTBO

Iz[P<g®)-

ITosTomy pelieHre nBoiicTBeHHOI 3amauu (11)
MO3BOJISIET HATU BEPXHIOKO OLEHKY 3HAYEHMUS Lie-
JneBoit yHkuuM 3amauu (7). Ecim ans peleHust
BBINTYKJIOM 3agauu (11) BBIMOJHSIETCST YCIOBUE

1z(V) [F=g().

rae z(A) onpenensieM 1o dopmysie (10), To pa3pbiB
JIBOMCTBEHHOCTU paBeH HyI0 U z(A) — pelleHue
3agaun (7). D10 OymeT B TOM ciydae, Korma s
ONITUMAJTBHBIX MHOXUTENeH Jlarparxka A, MaTpuia
Q(}) — mosoXuTENbHO MoNyorpeaeacHHass. Ecian
9TO He TaK, TO OyAyT HalaeHbl APYTMe MHOXHUTEIU
JlarpaHxa, KOoTopble yIOBJIETBOPSIIOT PaBEHCTBY
(rpagueHT dyHkuuu Jlarpanxa (11) paBeH HyI10)
2Q(A)z+b(A)=0. (12)
Ilpn moACTaHOBKE ONTHUMATBHBIX MHOXUTE-
seit JlarpaHka 9Ta JIMHEHAs CUCTeMa OTHOCUTE b~
HO BeKTopa Z OyldeT MMeTb €IWHCTBEHHOE pelle-
Hue. I HeonTUMAaTbHBIX MHOXUTeIe# Jlarpanka
cucteMa (12) MoxeT MMeTb HEeIUHCTBEHHOE pe-
mweHue. IlokaxeM, 4TO cpeau 3TUX PElIEHU MO-
KeT OBITh ONTUMAaJIbHOE pellieHue 3amadn (7).
Ho6GaBUM K OTrpaHUYEHUAM IBOMCTBEHHOMN
3amauu (11) orpaHuyeHus rnpsimoii 3agauu (7), Bbl-
pakeHHbIe yepe3 IBONCTBEHHbIE MepeEMEeHHbBIE

Kosolap A.I



ISSN 2521-6406, Kompiiterne modeliivanna: analiz, upravlinnd, optimizacia, 2018, No. 1, pp. 26-34 31

min{g(1) | ibT(K)Ql(k)(Ao +
Hr=DDQ (Wb() —%sz" ()b() +s <4,

ibT(x)Q-‘a)(Ai £)Q (Wb(L) -
—%biTQ“(k)b(k)+ci <d,i=1,.,m,

DA za, A20}, (13
i=0

rae 3HayeHue a>(0 HeoOXoauMO BEIOPATh TaKUM, MPU
KOTOPOM JOCTUTAETCA MAKCUMYM ||z(k)|| . Orpanu-
yeHus 3amayd (15) OyayT BBINYKJIBIMU, TaK Kak
matpulibl Ay+(r—1)I u Bce A +rl — nonoxurenbHO
onpeaeiaeHHble. I[Ipy ManbiXx 3HaAaYeHUSIX a (PyHK-
mus g(A) Oymer BOFHYTg)f[ U pelieHue 3amgauu (13)
JACT 3HAYEHUE ||z(?»)|| MEHBbILE ONTUMAIbHOTO.
YBenuuyeHue 3HaU€HUsI a COKpalllaeT JOMYCTUMYIO
obnacth 3agauu (13), yTo MpMBOAUT K BO3pacTa-
Huio g(A). OmHOBpeMEeHHO OyAeT yBeJIUYUBaThCS U
Z(x) *. D10 BO3pacTaHue OyAeT IO TeX Iop, MoKa
Jomyctumas obmacts 3agaun (13) He cTaHer Imy-
CTOl 1100 MIPOU30IeT YOBIBAHUE, CBI3AaHHOE C TEM,
YTO MUHUMYM g(A) CMECTUTCS BO BHYTPb JIOMYCTU-
MOl obacTu ucxonHoi 3amaum (13). 3HaueHUe a,
MPU KOTOPOM MTOCTUTAETCS MaKCHMMaJlbHOE 3Haue-
HUE ||z(x) ’ , OTIpeNeuT petieHre 3aaauu (13).
3aMeTuM, 4YTO ABOMCTBeHHas (pyHKLUSI g(A)
nBaxabl auddepeHIpyeMas U €€ YacTHBIE IIPo-
WU3BOAHBIE paBHBI

8800 _ 1y vi i )
S =g QG-I

Q" (Wb(A) +%bT(K)Q“ ()b, (s — d);

ogn) _ 11\~ -
== 4b M)Q (M)A, +DHQ ' (M)b(L) +

1

FIBT QT (b, = (6~ d), i=m:

d’g(M) __l T -1 19y
—87\,1»67\,]» = 4b M)Q (M(A; +5DQ (1)

x(A, +1DQ " (Wb(1) —ibT(k)Ql (3)x
x(A, +1DQ (WA, +1DQ ()b(L) +

ébT MQ™ (M)A +1DQ (M)b, -

—BTQ (b +bT(IQ (A, +iD %

xQ ™' ()b, Vi, j

rae 1=r u r=r, Vi, j=1, r;=r—1.

JIBOMICTBEHHYIO 3aJayy MOXHO YIIPOCTUTH,
ecim Tipeobpa3oBaTh KBaapaTU4YHble (YHKIHMU K
KaHOHWYECKOMY BHUAy. 3amady (6) MOXHO TIpeo0-
pa3oBaTh K BUOY

n
2 i iy2 2
maX{H z || | ch(x_aj) < L,
j=1
i=1..mPx=q}. (14)
Harmpumep, kBagpatuyHoe orpaHUYeHNE
XX, —X. +X: —X X, +X, <10
12 1 3 173 2 =
npeobpasyercst K BUILY
X5 —4x] + X2+ X5 +2x, <

<20,x,+x,-x,=0,x, —x; - x5 =0,

a TI0CJI€ WCIIOJb30BAaHUS TOYHOM KBaJApaTUYHOM
peryasipu3aluu MoJydyum

6X; +X; +6X2 +6X: +5(x, +0.2)" +5x; <
<20.2+d,x,+x,-X%x, =0,x, —X; — x5 =0,

roe r=>5.
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Pemrenue 3amauu (14) paBHO

Zm:kiciai + Zk:ujpj /2
i

X(}\,’“) = — =1 -~ .
1- Zkic‘
i=1

>

rme p' — j-g crpoka Mmatpuliel P, a k — umcio nm-
HEWHBIX orpaHuuyeHuit. JIBolicTBeHHast (DYHKLUS
OyIeT paBHa

m . . k .
N (inCEa} +Zuip} /2)2
g =3 T
= zxic; ~1
il

m ) ) k
N CH R B TR
i=l i=1

a IBOMCTBEHHAas 3agaya

min {g(A, ) |c' | x(h,p)—a' |[P<1,
ATe'>1, i=1...,m, Px(A,n)=q, AL =0}

OyneT BeIMyKJIoM. OmHAKO €e pellleHue B OOIeM
CITydae TI03BOJIAeT HAlTH TOJIBKO OLIEHKY ONTUMAaJThb-
HoOro pemieHud 3amadn (14).

Tounas keadpamuyHnas peeyaapu3auus

3agayva (1) TouHOM KBaApaTUYHOU peryssipu-
3aluent mpeobpasyercs K BUILY

max {|| x || f, (x) +s+(r 1) | x | <

<d,f(x)+r|x|<d, i=1,.,m, xeE"}. (15)

B 3apaue (15) HeoOXxo0AMMO HAUTU MUHUMATb-
Hoe 3HaueHue d, Mpu KOTOPOM pelleHue 3amauyu
(15) ynoBneTBOpSIET YCIOBUIO r||x||2 =d. Pemenue
3agauu (15) HaumHAaeM ¢ MMHMMAaJIbLHOTIO 3HAYCHUSI
d 1 U3MEeHsIEM ero C OINpeeIeHHBIM 11aroM, peliast
KaXnaelid pa3 3amady (15) mpssMo-IBOMCTBEHHBIM
METOJOM BHYTpeHHell Touku [9] moka He AOCTH-
THEM YCJIOBUS r||x||2 =d. 3anaua (15) MHOrO3KCTpE-
MaJibHasi U BbIOOp 111ara u3aMeHeHus: d MOXeT mpu-
BECTU B TOYKY JIOKaJbHOTO Makcumyma. [ToaTomy
MPOU3BEAEM CMEILLEHWE TMPOCTPaHCTBA B Hampas-
JIEHUU OUCCEKTPUCHI TOJOXMUTEIbHOTO OpTaHTa.
Torna 3amauya (15) npumer BuUA

max{|| x—h || f,(x=h)+s+(—1) || x —h <
<d,f(x-h)+r|x—h|f<d,i=1...,m,x>h}.(6)

Temeps Kk 3amade (16) cHOBa TIPUMEHUM TO-
YHYIO KBaIpaTHYHYIO peryasgpu3aimio. [Tomyunm 3a-
nady

max {|| x ||~ [[x~h | +s, +2 | x|’<q,

xS}, (17)

rae

S={x|f,(x=h)+s+(—1)| x—h|’<
<d,f(x—h)+r|[x—h|’<d,i=1...m,x >h}

BBITTYKJIOE MHOXeCTBO. B TOUKax JIOKaTbHOTO MaK-
cumyma 3agauyu (17) mepBoe orpaHuuyeHue OyaeT
aKTUBHBIM (00OpaliaThCs B paBeHCTBO).

Teopema 3. 3adaua (17) oonosxcmpemanvras
ecau u3 Hepagencmea || y—h||> <|| x —h|> credyem ne-
paserncmeo ||y | <[ x|

HoxazaTteabcTBO. JlOIycTUM IIPOTUBHOE, YTO
3amada (17) uMmeeT ABa JOKaJbHBIX MakKCMMyMa B
Toukax x' M X’, mMpUYeM | x*|P>|x' |} B KOTOPbIX
BBIOJIHAIOTCS ycnoBusa 3[|x'|P=q, U 3||x*|’=q,
COOTBETCTBeHHO. Torma M3 yCIIOBUIA

1 2 12
=[x =h|" +s, +2[|x"["=q;;

—[1x* =h|* +s, +2[|x* |P=q,
CJIEAYIOT paBEHCTBA

1 2 12
=[x =h|"+sy +2[|x"["=q;;

=[1%* =h|[ +s,+ 2] x* [F=q,

OTKyZa
— X" =h P s, = x P

—[1%* =h [ +s, = x* [P

M3 »TUX ABYX paBEeHCTB M HEpaBEeHCTBa
| x*|*>|x" ||’ cIemyeT HepaBEeHCTBO

Ix*=h[P<[x"=h|.
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Ho Torma || x?|P</x'|?, YTO TPOTHBOPEYUT
npenmnoyioxxeHuto. Teopema nokazaHa.

PaccMoTpeHHOe cMmellleHUe MPOCTPaHCTBA
MO3BOJISIET Tpeodpa3oBaTh MHOTO3KCTpEMalbHbIE
3a/1auu K OJHORKCTpeMaJbHbIM U BO MHOTMX JpY-
TUX ClTyvasx.

Boieoodwt

B paboTe mokazaHo KakuMm oOpa3oM MHOTO-
9KCTpeMaJbHBIE 3aJa4yld MOTYT OBITh IIpeoOpa3oBa-
Hbl K OJHO3KCTpEMaJIbHbIM, JJISI KOTOPBIX pa3pa-
O0oTaHbl 3(ppekTUBHBIE aaropuTMbl. B ocHoBe Ta-
KMX Mpeodpa3oBaHUil JIEXKUT BbIMYyKJash pejakca-
1us. [TonyyeHbl HEKOTOPbIE KJIACChl MHOTO3KCTpe-
MaJIbHBIX 3a/1a4, JIJIs1 KOTOPbIX BBIMyKJIasl pejakca-
mus OymeT TouHoil. B oOmiem cirydyae, BBITyKjast
penakcaiusi Mo3BOJIsSIeT HaXOAUTh TOJBKO OLIEHKHU
ONTUMAJIbHBIX peleHuit. [ToMruMo paccMOTPEHHBIX
BUJOB BBINMYKJION pefakcallud MCMOJb3YIOTCS U
npyrue. Hanmpumep, reformulation-linearization Tex-
HuKa. OnHako HanOoabIIMii 3(GEKT IMojrydaeM IIpu
KCITOJb30BaHMM TOYHOI KBaApaTUYHOU peryspu-
3alluu.
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OITYKJIA PEJJAKCAIIIA B BATATOEKCTPEMAJIBHBIX
3ATAYAX

Kocoaan A. 1

Y oauiii pobomi pozeasidaromecs bacamoekcmpemansvti 3a-
dayi 6 CKiHYeHHOMIpDHOMY eeKAidosoMy npocmopi. Bonu eunuxa-
10Mb NPU MAMEMAMUYHOMY MOOCAI08AHHI CKAAOHUX CUCMEM 8 eKO-
HoMiyi, QhiHaHcax, ynpasainKi, MexHoA0IMHUX npoyecax, Ha MpPaH-
chopmi, hpoekmyeauHi, iHgopmamuyi ma iHwux obaacmsx. Bido-
MO, W0 00 Ub020 KAACy 3a0ay nepemeoproomscs OUCKpemHi 3adaui,
a makodxc 3a0aui po36 A3y6aHHs HeAIHIUHUX PI6HAHb ma iHWi npu-
Kaaowi 3a0aui. B danuil wac oas po3e’azyeanus 6acamoekcmpe-
ManvHux 3a0av po3pobaeHi memoou 2inoK i Meic, HaniesusHaueHe
npoepamyeants, 0eoicmi memoou, eeHemu4Hi ma eeoNOYiUHI Me-
modu ma 6aeamo inwux. L[i memodu suxopucmosyromocs 0 po3-
8 ’13Y8aHHs NPUKAAOHUX 3a0a4, a MaKoxic 045 po3e a3y8aHHs HUC-
AeHHux mecmogux 3adau. O6uuca8anvhi eKkcnepumMernmu noKazy-
oMb, Wo Minbku 04 0esKux mecmosux 3aday icHywui memoou
do3goastoms 3Haxodumu onmumanshi po3e ’ssku. [lpome yi memo-
du He 2apaHmMyoms OMPUMAHHS HALIKPAWUX PO36 A3Ki6 6 NPUKAA0-
Hux 3adauax. Onykaa peasakcauis 6aeamoexcmpemanvHux 3aday
d036015€ nepemeopumu ix 0o ONYKAUX 00HOEKCMPeMANbHUX 3a0ay.
s desikux baeamoekcmpemManvHux 3a0a4 make nepemeopeHHs 6yoe
mounum. /s HanigeusHayenoi onmumizauii ye 6yde modi, kKoau
3Hali0eHa mampuys mae pave odunuys. s deoicmoi peaakcauii,
Koau po3pueé deoicmocmi 0opieHIoe HYAr. Y 3a2anbHOMY 6UNAJKY,
ONYKAQ peaaKcayis 00360416 OMPUMAMuy MiAbKU OYIHKY ONMUMANb-
HO020 po36 ’a3Kky. Bukopucmoeyromocs pizHi udu onykaoi peaakcayii:
HaniesusHa1eHa, Aazpamicesa 0soicmicms, MouHa K8aAOpamu4Ha
peeyaspusayis, reformulation-linearization mexuixa. Haitibinow
ehekmugHUM cnocoboM OnYKAOI pesakcayii € moyHa Keaopamu4ua
peeyaspuzauis. Tlpu ii euxopucmanni ompumyemo Haubinb wupo-
Kull Kaac 6aeamoexcmpemanvhox 3ada4, 04 K020 ONYKAA peaak-
cayisi 6yde mouHor. Lle docseacmocs nepemeopeHHsM NOHAMKO80T
3adaui 3 HacmMynnum 3miwenusam npocmopy. Egexmuenicms mou-
HOI keadpamuuHoi peeyaspuzauii niomeepoxscyemocs uUcAeHHUMU
eKCnepuMeHmamu npu po3e A3y6aHHi mecmosux i NpuKAaoHux 6a-
2amoeKcmpemManbHux 3a0au.

KoarouoBi cioBa: GaraToekcTpeMasibHiI 3ajgadi, OMyKia
penakcailisi, HalliBBU3HaueHa ONTUMIi3allisl, JlarpaHXeBa
JBOICTICTb, TOYHA KBaJpaTUUHa peryJsipu3allisi.
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CONVEX RELAXATION IN MULTIEXTREMAL
PROBLEMS

Kosolap A.1.

Ukrainian State University of Chemical Technology, Dnipro,
Ukraine

In this paper multiextremal problems in a finite-dimensional
Euclidean space are considered. Such problems arise in the
mathematical modeling of complex systems in the economy, finance,
management, technological processes, transport, design, computer
science and other fields. It is known that this class of problems
contains discrete problems, the problems of solving nonlinear equations
and other applied problems To solve multiextremal problems branch
and boundary methods, semidefinite programming, duality methods,
genetic and evolutionary methods, and many others are used
nowadays. These methods are used to solve applied problems and to
solve numerous test problems. Numerous experiments show that only
for some test problems the existing methods allow finding optimal
solutions. These methods, however, do not guarantee the best solutions
in applied problems. Convex relaxation of multiextremal problems
allows one to transform them to convex one-extremal problems. For
some multiextremal problems such a transformation will be exact.
For semi-definite optimization, this will be when the found matrix
has rank one. For dual relaxation, it will happen when the duality
gap is zero. In the general case, convex relaxation allows one to
obtain only an estimate of the optimal solution. Various types of
convex relaxation are used: semidefinite, Lagrange duality, exact
quadratic regularization, reformulation-linearization technique. The
most effective method of convex relaxation is the exact quadratic
regularization. With its use, we obtain the widest class of multiextremal
problems, for which convex relaxation will be exact. This is achieved
by transformation of the original problem and displacement of the
space. The efficiency of exact quadratic regularization is confirmed
by numerous experiments for solving testing and applied multiextremal
problems.

Keywords: multiextreme problems, convex relaxation,
semidefinete optimization, Lagrange duality, exact quadratic reg-
ularization.
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