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The paper considers various location-allocation problems arising in the process of strategic
planning of regional development. Thus, the problems are attractive for both commercial
and state-owned companies. Process of such problems formation and development has
been analyzed. Their classification depending upon demand, the number of product types,
objects to be located, and type of range where their location takes place has been shown.
General statement has been formulated; basic mathematical models of location-allocation
problems have been demonstrated. Both methods and approaches for such problems solving
have been described. Particular attention has been paid to infinite-dimensional location-
allocation problems, i.e. to continuous problems of optimum set separation. In the context
of the problems, the range in which objects are located, is a certain set continuously filled
with consumers (or manufacturers) of specific product. Connection of optimum set
separation problems with multistage location-allocation problems is considered separately
in terms of two-stage problem. Mathematical model of multistage location problem being
a combination of discrete location problem (as one of the stages) and a problem of optimum
set separation is demonstrated. Their features and difficulties arising in the process of
combined types of problem solution have been emphasized. Relevant research policy has
been determined.
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The problem setting

A great number of research efforts concern the
problems of object planning and locating. Such
problems are typical for practical studies as area for
their location may be of various nature, structure,
and characteristics and the “object” may be
interpreted rather differently. Problems concerning
location of different service centers (hospitals, shops,
fire stations, various enterprises etc.); formation of
general enterprise plans; irrigative problems; design
of mobile networks are the examples of such
problems. Solution of the problems involves different
techniques and models depending upon available
output data and conditions which in turn involve
systematization of studies in progress. That is why
both research and analysis of mathematical models
for such problems is relevant problem.

Analysis of latter research and publications

For the first time, the problems were formulated
as early as in 17th century. Their emergence and
first attempts to solve them are connected with the
name of Pierre Fermat who has formulated probably
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the first location problem currently known as Fermat
point: determine the fourth point for the preset three
ones in such a way that if three segments are passed
into the points then sum of the three segments will
be of the least value. The problem was solved partially
by E. Torricelli and B. Cavalieri in 1640. As for
back as in 1970 T. Simpson modified it and
generalized in the context of account of arbitrary
weighs and connections between objects.

From the viewpoint of object location the
problem was further evolved in 1909 owing to efforts
by M. Weber who used the model to determine
optimum location for factories in terms of definite
locations of resources and consumers. Currently the
problem is known as the Weber problem being a
part of general problem of geographical location of
human business activities. Moreover, Weber believes
that economic benefit depending upon location of
factories is that very location factor (i.e. “standard
factor”). In turn, he considered benefit as cuts in
expenditures connected with output of products and
their sales. In practice that meant the possibility to
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manufacture the product locally with less
expenditures to compare with other places.

Currently a number of models of location
problem, various optimum criteria and types of source
areas as well as type of source range are available
[1].

Formulation of the research objectives

Objective of the research is to analyze available
models to solve location problems and identify
relevant policies for their analysis.

Statement of the research basic material

It is possible to divide all location problems
into the two large categories (Figure): problems of
location of interrelated objects and problems of
location-allocation (problems connected with
location of enterprises). Category one includes
problems with foregone structure of relations between
objects: Weber problems, quadratic allocation
problem etc. Category two does not include relations
between allocated objects — “suppliers”; allocation
of specific objects — “clients” between them. Such
problems involve: problems on p-median and p-
centres; the simplest location problem etc. Further
classification of the problems is possible using various
parameters (Figure), e.g. in terms of demand — with
uniform or non-uniform product demand. So-called
problems of optimum set separation which
classification is described in [9] is one of categories
of location problems with continuous range. There
are also classifications relying upon the availability
of restrictions for production facilities, number of
enterprise types, number of sources etc. [1,2]. As for
the initial information, one may talk about
determined and stochastic problems, location

Location problems

problems under the conditions of either complete
or incomplete information (location problems under
fuzzy conditions) [8,9].

Give examples of several theoretical and
practical problems which in the context of
mathematical setting resolve into following location
problems:

— scheduling;

— standardization;

— minimization of polynomials in boolean
variables;

— two-level problems concerning the assort-
ment of production selection,;

— problems concerning the development of
optimum set of rows of matrix pair, optimum rows
of a product and associated parts;

— multistage problems of location etc.

It should be noted that great share of the
activities is based the simplest location problem plus
certain conditions: for instance, placing restrictions
on production volume, product types, production
stages, dynamics etc.

In the context of general statement, location-
allocation problem (LAP) is interpreted as follows:
it is required to determine the number of new objects
as well as their location coordinates; it is required to
allocate transport operations between new objects
and available ones. The process involves the idea
that the new objects will be located in such a way to
minimize transportation costs while delivering goods
from objects to “consumers”.

Formally, LAP is: it is required to locate N
new manufacturers (xl,...,xn)eRz taking into
consideration of available M consumers
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A= {al . }e R? to minimize a sum of positively
weighed distances between them.

Following types of LAPs are differentiated:

— single- and multiproduct;

— with location of one or more centres
(enterprises);

— single- and multisource.

Thus, mathematical statement of the simplest
LAP with single source (i.e. where consumer belongs
to one manufacturer) and without restriction is
formulated as follows:

Problem 1. Find:

N M
mmZZyl-jwl-jd(xi,aj)
i=1 j=1

if restrictions are:

N

Zylj = lﬂj = ]‘ﬂ"')M,

i=1

yj e l0Li=1L.,N,j=1,..,M.

In this context Boolean variables
Yij,i=L.,N,j=1...,M involve the information
that available consumer belongs to a new
manufacturer; that is

Vi

lif a; belongs to x,,
“|0in any other case.

The restriction implements a condition of the
only source availability. Positive weighs
w;,j=1..,M may mean demand of
consumersa; . In terms of specific centres the
problem may be reduced to a problem of discrete
set separation.

For the first time, LAP with a set of sources
and without restrictions was formulated by Cooper
in 1964 [2]. It looked like this:

Problem 1.1. Find

N M
manZwijd(xl-,aj)
i=1 j=1

if restrictions are:

N
ZWU = j,jzl,...,M,
i=1

wj 20,i =1 N, j =1 M,

X; eRz,izl,...,N,

where w;; is the quantity of goods delivered from a
manufacturer with i number to a consumer with j
number; d(x;,a;) is distance from manufacturer i
to consumer j.

The restriction makes it possible to deliver
product from 7;plants to each buyer.

Subsequently, the problems were losing their
simplicity due to placing restrictions on production
facilities.

N M
mlnz ZCl-jwl-d(xl-,aj)
i=1 j=1

if restrictions are:

le 2 O’Z = 1:"-5N,j = 1""’M’

x; €R?,i=1,.,N,

where ¢;;is transportation cost of a product unit per
distance unit from manufacturer i to consumer j.

The restriction makes it possible to deliver
product by 7 plants to each buyer as well as to restrict
production facilities of s; plants.

A number of techniques and algorithms to solve
such problems are available today; among them are:
branch-and-bound algorithm [3], Lagrange
multipliers [4], taboo search, p-median method [5],
genetic algorithm [6] and many others. However,
the methods are partially continuous as there is such
an assumption that the set of consumers is discrete;
as a result, difficulties with consideration of demand
arise. To solve the problems, the majority of current
algorithms use the principle of demand aggregation.
The principle involves simplification of input data
set. Rather often the simplification is a result of use
of arithmetic mean, mode, or median. From time
to time application of the approach factors into
significant errors which analysis is represented in
paper [7].

It should be noted that lately more and more
researchers have paid their attention to LAPs under
the conditions of fuzziness. The problems differ in
the consideration of the fact that in the majority of
cases it is rather difficult (and sometimes impossible)
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to obtain truthful information concerning
environmental conditions. That is why models of
such problems include stochastic and fuzzy
components. Generally, consumer demand is used
as unidentified factor.

Currently a great number of papers involve
continuity of demand. Conditionally, the problems
may be divided into problems with uniform demand
allocation and nonuniform one. However, as practice
demonstrates, if LAPs are solved in terms of standard
statements, difficulties arise when restrictions are
taken into consideration.

Progress of optimum set separation (OSS) [8,
9] helped determine a method to solve infinite-
dimensional location problems.

OSS problems can be conditionally divided into
the two categories: discrete problems and continual
problems. Discrete problems (belonging to category
one) are characterized by the fact that certain finite
set is subject to separation. Continual problems
(belonging to category two) are characterized by
availability of continual set being subject to
separation. Such type of problems is relatively new
and implementation is more laborious. Nevertheless,
the necessity to develop algorithms for solving
continual problems is indisputable as the great
number of practical problems may be described with
the help of such models.

Continual linear problem concerning set
separation is formulated as follows [8]: let (O be
closed, restricted, observable according to Lebesgue
set of Euclidean space E, . It should be separated
into N subsets Q;,0Q,,...,Q ) observed according
to Lebesgue; centres of the subsets? 7;,.75,...,7py
should be located within range to minimize a
functional:

N
F(Q1,90,0, Q71570500 Ty) = 0, [€(2,7,) p(x)dx
i:lQi
if restrictions are:
[ p(x)dx < b;,i = LN,
Q.

1

mes(€2; ﬁQj) =0,i# j,i,j=1N,

Functions cl-(x,Z'l-),i:L_N are real-valued,
restricted, observable according to argument x by

Q. and convex according to argument z; for
all j=1, N; p(x) is real-valued, integrated function
determined by ; are predetermined real-valued
numbers satisfying the conditions of the problem
solving.

Today problems of multistage production
process location are claiming more and more
attention to minimize total expenditures connected
with delivery of product and primary material and
to cover certain service area. They are another
category of location-allocation problems being
generalization of multistage transportation and
production problems being studied actively. The
problems mean that there are several groups of objects
to be located. Each group has its own set of possible
locations, and there is certain order of relations
between them.

Two-stage problem can be used to illustrate a
well-known formulation of multistage transportation
and production problems [10]. Two-stage
transportation and production problem is that one
illustration manufacturing processes concerning one
type of product, its delivery to the plants processing
it into another type of product, its manufacturing
and delivery to the end consumers. The simplest
statements of such a problem consider two products
— “raw material” and “end product”. However, the
greater number of names (“raw material”,
“semiproduct”, “end product”) are possible. In such
a case we will talk on multistage problems. Under
certain conditions, the formally multiproduct
problems may be reduced to singe-product problems
of a staggered type, i.e. the problems in which all
the non-zero coefficients of each raw of output matrix
of a simplex table have one and the same sign.

Contextual statement of a multistage
transportation and production problem can be
formulated as follows.

Assume that N = {1,... ,n} is a set of end product
demand points, M. < N is aset of possible location
points of r" stage, 1<r<p; g is expenses for
location of the enterprise of r" stage within point r,
gl.r >(0; c¢j is expenses for transportation of a
product unit prom point r to point j, ¢;; 20,4, j €N ;
b; is the demand volume in point j, b; >0,/ €N .

It is meant that each point of end product
demand as well as each point of any manufacturing
level is supplied with the product by one manufacturer
only; in this context, enterprise of r'" level is supplied
with the product by the enterprise of (r +1) ™" level,
I<r<p-1.

It is required to select subsets of location point
at every level (stage) I' cM,,r=1..,p and
implement allocation of the selected enterprises
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within demand points in such a way to minimize
total expenditures connected with location of all the
selected enterprises and product transportation.

Demonstrate mathematical statement of such
allocation problem (AP) when two stages are
available, and Boolean variables of selection and
allocation are used respectively [10]:

Assume that x; =1(y; =1) if the enterprise of
1 (2™) level is located within i e M (k € M ,) point
and x; =0(y; =0) in any other case; xz; =1 if j"
demand point is served by k™" point of 2" level
through i point of 1¥ level and xj; = 0 in any other
case.

Formal statement of the simplest multistage
problem is as follows:

1 2
Zgixi + ngyk +
iEMl kGMZ

+ ij Z Z(Cki +j)Xjg; —> min,

JeEN keM,ieM,

Z ZxkijzlﬂjEN’

kGMz iEMl

Zxkij <x;,jeN,ie M,
keM,

Zxkij <y, jeN,keM,,
ieM,;

Xis Vie> Xpij € {0,1}.

Minimization of all total expenditures for
manufacturing process and transportation of raw
material as well as end product is a target function.

Numerical algorithms and methods to solve
such problems considering greater dimension and
complexity have been developed lately. Numerous
papers including recent publications represent the
obtained results. In this context orientation toward
the use of heuristic algorithms is observed as they do
not involve complicated theoretical demonstrations.
However, infinite-dimensional multistage problems
did not experience any analysis due to their more
complicated implementation. It should be noted that
there is a great variety of ranges where similar category
of problems takes place. In terms of such problems,
a set is continuous by its nature and available discrete
models involve simplifications which can effect end
result considerably. That can be demonstrated with
the help of problems where manufacturers of one
(or several) stages may be located within any range

point rather than being concentrated within certain
points [11].

Introduce following symbols to develop
mathematical model: III is the range within which
enterprises are located; N is the required quantity of
enterprises of stage 1, M is the required quantity of
enterprises of stage 2; b; is the capacity of i
enterprise of stage 1; b j is the capacity of j" enterprise
of stage 2; J is the set of possible locatign points of
enterprises of stage 2, J = {Tl, T peees TMI(}, c,-[ (x,7;)
is delivery cost for raw material unit from point x e Q
to i enterprise of stage 1; cél =c(z;,7 j) is the cost
of raw material unit delivery from i enterprise of
stage 1 to j® ﬁ}‘lterprise of stage 2; K is a set of
consumers; ¢ =c(zj,74) is the cost of delivery
from j™ enterprise of stage 2 to k™ consumer; b is
the demand of k" consumer; p(x) is the amount of
resource within x point of () range; Air is
expenditures for i enterprise ' stage; 7/ =(z/},7/,)
are coordinates of i" enterprise r" stage;
7, =(7,,7,) are predetermined coordinates of
consumer i., v;; is the volume of product supplied
from]'}h enterprise of stage 1 to j™ enterprise of stage
2; v Jk is the volume of product supplied from j"
enterprise of stage 2 to k' consumer.

Suppose:

J

_J1if enterprise of stage 2 is located in point j
~|0in any other case

Then mathematical model may be expressed
in the form of: minimize

N M
DA+ AA;+
=1 =l

N
+ 3 [ el (e p(ayde+
i=lQi

N .11 ME yiawiii
+ 2 2 v A+ 2 D ik Vik A
i=1j=1 j=lk=1

if restrictions are:

jp(x)dxsb{,izl,N,
Q.

1

-

< 1 1
Zvl-j ﬂ’j Sbl ,iZI,N
J=1
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Zvé’ﬂjszﬂ i=LN,j=1,M

Zv”/l >b,,i=,N, k=1,

N
UQi=Q2.9,nQ;=0,i#,i,j=12,..N,
i=1

V2001 20,i=T N, j=T.M,k=IK.

ﬂ,j € {O,l}, T = (r{,ré,...,r]]v), leqlV,

Complexity of such problems is that
mathematical model involves both discrete part and
continuous one which suppose relevant combined
methods of solution.

Conclusions

Nowadays studies concerning infinite-
dimensional multistage location problems are almost
not available due to their complexity. However, there
is the whole raw of ranges where similar problems
take place. In such problems outgoing set is
continuous by its nature and the available discrete
models need great number of simplifications effecting
the end result. Thus, the development of models of
infinite-dimensional multistage location problems as
well as their solution methods is a rather topical
task.
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3AJJAYI POSMIIIEHHA-PO3ITIOALTY
Ye. C.A., Cmanina 0./1.

Y ecmammi pozeasnymo 3adaui posamiwenns-po3nodiny, ki
GUHUKAIOMb NPU CMPAMEIMHOMY NAAHYBAHHI PO36UMK) De2iOHY i
momy npedcmaensioms iHmepec 045 KOMEPUIUHUX ma 0epicasHux
xomnanii. Ilpoananizoeano npouec gopmysanns ma po3gUMoK
makux 3aday. [Ipedcmasnero ix kracugikayiro 6 3asencHocmi 6io:
nonumy, Kinvkocmi eudie npodykuii, 00 exkmie, w0 po3miugyiomscs,
ma eudy obaacmi, 8 sxitl 30itcHoemocs po3miwents. Cihopmynvo-
8AHO 302aAbHY NOCMAHOBKY | NpU6edeHi OCHOBHI Mamemamu4Hi
Modeni 3a0au po3miujeHHs-po3nodiny. Onucano memodu ma nioxo-
du 0o po3eé’a3yeanns makux 3aday. Ocobaugy ysaey npudireHo He-
CKIHYEeHHOBUMIPHUM 3a0a4am po3milyeHHA-po3nodiny, a came Hene-
PePBHUM 3a0a4am ONMUMANbHO20 Po30umms MHOJCUH. B yux 3ada-
uax obaacmoe, 6 AKIl NPOGOOUMbCS PO3MIWeHHS 00 €kmie s6as€
00010 0esIKY MHOJCUHY, HEeNEePePeHO 3aN08HEHY CnoJcusavamu (abo
8uUpoOHUKaAMU) neeHoeo eudy npodykuii. OKkpemo po3easaHymo 36 ’sa-
30K 3a0a4 ONMUMAALHO20 PO3OUMM S MHONCUH i3 ba2amoemanHumuy
3adayamu po3miujeHHs-po3nodiny, Ha npukaadi deoemanHoi 3adaui.
IIpedcmasaeno mamemamuury modensb baeamoemanHoi 3ada4i po3-
MiweHHs, aKa € KomMOiHayicto duckpemHtoi 3a0aui po3miujeHHs (9K
00HO20 3 emanig) i 3a0a4i ONMUMANLHORO PO3OUMMS MHONCUH.
Bidsnaueno ix ocobausocmi ma mpyonowyi, ki 6uHUKQOMb 6 NPo-
yeci po36’a3yeanHs KomOiHoeaHux eudie 3adau. Budineno axmy-
anbHi HANPAMKU 00CAIONCEHHSL.

KawuoBi caoBa: 3amayi po3MillleHHSI-pO3MONiny,
ONMTHMMi3allisg, 3amadyi ONTHUMaJbHOTO PO3OUTTS MHOXWH,
bararoeTaltHi 3aja4i, MaTeMaTUIHI MOJIEJTI.

Us S.A., Stanina O.D.



ISSN 2521-6406, Kompiiterne modeliivanna: analiz, upravlinnd, optimizacia, 2017, No. 1, pp. 73-79 79

3AJTAYU PASMEIIEHUSA-PACITIPENEJTEHUSA
Ye. C.A., Cmanuna O./1.

B cmamve paccmompenst 3a0auu pazmeuwenus-pacnpedene-
HUSl, KOMOpble 603HUKAIOM NpU CMPAmMeu4eckoM HAGHUPOBAHUU
Da3eumus pecuoHa u npedcmaesiom unmepec 045 KOMMepUeckKux
u eocyoapcmeennbix komnanuil. Tlpoanasusuposean npoyecc gop-
Mupoeanus u pazeumus makux 3adau. l[Ilpedcmaenensvt ux Kaaccu-
QuKkayuy 6 3a6UCUMOCIU OM: CHPOCA, KOAUYeCmea eudos npooyK-
yuu, pasmeuyaemvix 006eKmos u euoa 004acmu,  KOmopou ocyuje-
cmensemces pazmewjenue. Copmyauposana obuas NOCMaHOBKA U
npueedeHbl OCHOBHbIE Mamemamu4eckue Mooeau 3a0a4 pasmeuye-
Husi-pacnpedenenus. Onucanol mMemoosl U NoOXodvl K peueHuro
makux 3ada4. Ocoboe 6HUMAHUe YOeAeHO OeCKOHeYHOMEDHbIM 3a-
oauam pasmeuyeHUs-pacnpeoenetusl, a UMeHHO HenpepbleHbIM 3a-
dayam onmumanbHo20 pazbuerus MHoxcecms. B smux 3adauax 06-
Aacmy, 6 KOMopot nPogooumcs: pasmeujerue 00seKmos, npedcmas-
Asiem coB0il HeKOmopoe MHOJICECE0, HeNPePbleHO 3aN0AHEHHOe
nompebumensmu (uau nPoU3E00UMensmMu) onpedeseHHo20 euda npo-
dykyuu. OmoensHo paccmompena cés3vb 3a0a4 ONMUMANbHO0 Pa3-
OUeHUsI MHOXCECIE C MHO20IMANHBIMU 3A0A4AMU PAIMEUeHUS-DAC-
npedenenus Ha npumepe 08yxamannoi 3adayu. Ilpedcmaesnrena ma-
memamu4eckas Modeab MHO20IMANHOU 3a0a4u Pa3mMeujeHus, Ko-
mopas seisemcs Komouxayuel JUCKpemHol 3a0a4u pasmeuyeHus
(Kax 00HO20 U3 3Manoe) u 3a0a4u ONMUMAALHO20 PA30UEHUS MHO-
acecme. Ommeuero ux 0cobeHHocmu u mpyoOHOCMU, KOMOopble 603-
HUKQIOM 6 npouecce peuleHus KOMOUHUPOBAHHBIX 6UA08 3adad.
Buidenenvr akmyanvhvie Hanpagaenus ucciedosanus.

KioueBbie ciioBa: 3a1aun pasMeleHUSI-pacipeie/IeHusI,
ONTUMM3ALMS, 3adauyd ONTUMAaJbHOIO Pa30UeHUs] MHOXECTB,
MHOTO3TaIHbIe 337241, MATEMAaTUUYECKKE MOJIEIIH.
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